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Abstract

In this paper, we propose a novel iterative algorithm for approximating solutions to generalized equilibrium problems
and identifying common fixed point of a finite family of nonexpansive mappings in Hilbert spaces. Under suitable control
conditions on the algorithmic parameters, we establish strong convergence of the generated sequence to a unique point
that simultaneously solves the generalized equilibrium problem and lies in the intersection of the fixed point sets. This
limit is further characterized as the unique solution to a corresponding variational inequality. The presented results
extend and improve upon several recent contributions in the literature. Moreover, both the iterative scheme and the
analytic techniques employed are of independent interest and may be applicable to broader classes of problems in
nonlinear analysis.

Keywords: Equilibrium Problem; Nonexpansive Mapping; Fixed Point; Hilbert Spaces; Strong Convergence; Monotone
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1 Introduction

The study of iterative methods for solving nonlinear problems in Hilbert spaces has garnered significant attention due
to their wide applicability in optimization, equilibrium theory, and partial differential equations. In particular, variation
inequalities, fixed point problems, and generalized equilibrium problems serve as foundational models in these
domains.

Let H be aHilbertspaceand € © H,anonempty, closed, and convex subset. A nonlinear operator G:H — H is said
to be k - Lipschitz if there exists constants k,n > 0 such thatforall x, y € H

lGx — Gyll < kllx —ylland(Gx — Gy, x — y) < nllx—yl? €Y)
When k € [0, 1), G is acontradiction;if k = 1, itis nonexpansive
The classical variational inequality problem seeks a point. x* € C such that
(Gx*, y —x*) =20, VyecC
This problem is equivalent to the fixed point formulation

x* = Po(x*— 8Gx™),
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where § > 0 is a fixed constant and P, denotes the metric projection onto C. Under suitable conditions on G and §,
fixed point methods can be employed to approximate solutions of the variational inequality. However, the
computational complexity of the projection operator P, especially when C has intricate geometry, has motivated the
development of alternative iterative schemes.

To address this challenge, hybrid methods have been introduced. Notably, Yamada proposed a descent - type algorithm
that avoids direct projection while ensuring strong convergence under monotonicity and Lipschitz conditions. This
approach has inspired a range of subsequent algorithms aimed at solving variational inequalities and related problems
more efficiently.

Parallel to this, equilibrium problems has emerged as a unifying frame work encompassing variational inequalities

optimization problems, and Nash equilibria. Given a family of bifunctions { fy}rea : € xC — R, the generalized
equilibrium problem seeks x* € C such that

fulx*,  y)=0, Vy € C, Vk€EA.

When A is a singleton, this reduces to the classical equilibrium problem. Such models arise naturally in economics, game
theory and engineering.

Recent developments have focused on finding common solutions to multiple problem classes - such as the intersection
of fixed point sets of nonexpansive mappings and solution sets of equilibrium problems. Viscosity approximation
methods, modified Mann iterations, and hybrid projection techniques have been employed to establish strong
convergence results under various structural assumptions.

Motivated by these advances, we introduce a new iterative scheme for approximating a common solution to a finite
family of nonexpansive mappings and a system of generalized equilibrium problems in Hilbert spaces. The proposed
method guarantees strong convergence to a unique point that simultaneously solves the variational inequality, lies in
the intersection of the fixed point sets, and satisfies the equilibrium conditions. Our results generalize and improve upon

several recent contributions in the literature, and the algorithmic framework and analytical techniques developed
herein are of independent interest.

2 Preliminaries

Let H be a real Hilbert space. For a sequence { x,} < H, we write x,, — x* to denote strong convergence and x,, —
x* to denote weak convergence. A Banach space E is said to satisfy the opial condition if for every sequence {x,} c E
with x,, = x*, the inequality

lim inf |[x,, — x*|| < lim inf ||x, — y||
n—-oo n—-oo

holds forall y € E, y # x™

It is well known that Hilbert space satisfy the Opial condition (see [6]).

We shall make use of the following auxiliary results throughout the paper.

Lemma 2.1 (Xu [10]) Let { a,} be a sequence of nonnegative real numbers satisfying
s <A —-A)Da, + L,0,+ v n =0,

where:

D {4} < [0, 1] with ¥ 4, = o;

(ii) lim inf 0,<0;

n—-oo

(iit) ¥o =0 and Yy, < oo.
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Then a, — 0 as n— oo

Theorem 2.1 (Takahashi[7]) Let C < H be a nonempty, closed, and convex subset, and let f:CxC — R, bea
bifunction satisfying

(A1) f(x, x) =0 forall x € C
(A2) f ismonotonic f(x, y)+ f(y, x) <0 forall x, y € C

(A3) Forall x, y, z € C, ltilr(r)lf(tz+(1—t)x, y) < f(x, y);

(A4) Foreach x € C, y » f(x, y) is convex and lower continuous.

Lemma 2.2 (Blum and Oettli [2]) Let C < H be a nonempty, closed, and convex, and let f:CxC — R, satisfy
conditions (A1) — (A4). Then forany r > 0 and x € H, there existsz € C such that

f(X,y)+%(y—Z,z—x) >0 VyecC

Lemma 2.3 (Combettes and Hirstoaga [5]) Let f:CxC — R, satisfy conditions (A1) — (A4). Then forany r > 0
and x € H, define the mapping Trf: H — C by

T/(x):={z € C:f(z, y)+ % (y —z,z—x)=20 VyecC}
Then
(D Trf is single - valued
(2) Trf is firmly nonexpansive. That is:
||Trfx—Trfy||2 <(T/x - T/y, x —y), Vx, y€eH;
(3) The fixed point set F(Trf) coincides with the solution set EP(f);

(4) EP(f) is closed and convex.

Let {T,}_, be a family of mappings on a subset C ¢ H such that NN_, F(T,,) # 0. The family { T,,} is said to satisfy the
AKTT — condition [3] if for bounded subset B c C,

N

Z sup { |Tpsrz = Tyzll : 2 € B} < oo.

n=1

Lemma 2.4 (AKTT [3]) Let C < H be a nonempty and closed, and let { T,,} be a family of mappings C satisfying the
AKTT — condition. Then for each x € C, the sequence {T,,x} converges strongly to a poit in C
Moreover, defining

Tx:=limT,x, Vx€e€C

n—-oo
we have

lim sup sup {||ITz— Tyz||: z € B}=0

n—oo
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for every bounded subset B c C In the sequel, we denote by ({T,},T) a pair satisfying the AKTT — condition, with T
defined as above and F := NN_, Fix(T,).

3 Main Results

In the analysis that follows, we adopt the assumptions 1 < % ininequality (1) withoutloss of generality. This condition
facilitates the convergence analysis and is standard in related literature. We begin by establishing a key
lemma that serves as a foundation for the subsequent results.

Lemma 3.1 Let H beareal Hilbert space and Let T:H — H, be a nonexpansive mapping . Suppose G:H — H isan
n — strongly monotone and k —Lipschitz continuous operator. Let A € (0, 1) and choose § € (0, min {1, i—g}) Define
the mapping T*:H — H by

T x =Tx— A5G(Tx), Vx€H
Then T* is a strict contraction. Specifically, forall x, y € H,
1742 = T2y|| < (1 = 2e)llx =y
where
a:= 8(n —57}62) € (0, 1).
Proof: From § < i—z, we have 0 < 21 — §k2. Furthermore, fromn < %, we have 2n — §k% < 1.
So that

0 < 2n —68k? < 1.Also,as §<1landA € (0, 1), we obtain that 0 < A§(2n — 6k?) < 1.

Then for x, y € H, we have

2
[IT%x = T*y|" = IITx = Ty = A8(G(Tx) — G(Ty)II?
= ITx = Tyll> = 248(G(Tx) — G(Ty), x — y) + A262[|(G(Tx) — G(Ty)II?
< \ITx —Tyl|? — 2A6n||ITx — Ty||? + A28%k?||Tx — Ty||?

< [1 - A8(2n — A8Kk?)] Ilx — yII?
2
<[1-228 (n =)l llx - yI1?

< [1-28 (1= 25)1 2 - I
= [1—2a]? Ix - ylI%.
The proof is now complete.
Theorem 3.1 Let C be a nonempty, closed, convex subset of a real Hilbert space H. Let {fi}4—,:C x C — R, be a family

of bifunction which satisfies (A1) — (A4). Let {T,,}_, be a finite family of nonexpansive mappings of C into itself and let
G be a k —Lipschitz and 1 — strongly monotone mapping of C into H such that F := NN_; Fix(T,)) n (N2, EP(f)) #

0. For an arbitrary but fixed § € (O , i—;’), let {x,} and {y,} be sequences generated by
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x, €EC
Yn = PC[(]- - an)xn]
U, = Trfl‘fl"’TrfMM_‘ll. .. TrZZTr?yn 2

Zn ﬁnxn + (1 - .Bn)Tnun
Xn+1 = TAnHZn =T12Zp — An416G(T12,) n =1

where {a,,}, {Bi}, {1,} are sequencesin (0, 1) and r, € (0, ) foreach k € {1,2, ..., M}
satisfying

(€1 lim @, =0, lim 222 = 0 ;

n—-oo an
(€2) Yp—1ap =
(€3) lim B, =0, lim|d,4,; —4,| =0 and lim|B,;; —Bn|l =0
n—-oo n—-oo n—-oo

Suppose that ({f;.}, T) satisfies the AKTT — condition. Then {x,} and {y,} converge strongly to an elementin F, which
is a unique solution of the variational inequality VI(G , F)

Proof: We first prove the boundedness of {x,}. Denote 8% = Tr’;’I‘”Tr];y_‘ll. .. TrZZTr’;1 forany k €{1,2,... , M}and
8° = I. We note that u,, = 8My,. From (2) we have for each x* € F that
lun = x*Il = 16"y, — 6™ x|
< llyn =27l
Also
lyn = x*II = I1Pc[(1 = a)xn] — x|
< N = an)xy — x7||
< (1 = ap)llxy = 27| + ay |||
Thus,

1B (. — x7) + (1 = B) (un — x|

Brllxy, — x*|| + (1 = B)llu, — x|

llz, — x|

IA

< Ballxn —x*I| + (A = B llyn — x|l

IA

Bullxn — 27|l + (1 = B) (1 — an)llxn, — x|l + an (1 = B)lIx”|l

1=, (1= Bl — x*1 + (1 = B llx7 |l 3)

IA

But, from (3) and Lemma 3.1, we have

IxXns1 — x*|| = || TAn412, — x*

IA

” T)‘"“Zn — TAn+1y*

+ || T At — x*

IA

(1 = A1z = X7 + A1 SIIG )l
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S (1 =2 ®)[ (1 = an(1 = Bl = x"[| + (1= B)llx"[l ]

s *
+ Anpa |G (x|

* * 6 *
< max {max {[jx, —x"II, lx*[I}, —llGx)II}

where a is as in Lemma 3.1. Hence, {x, } is bounded. Furthermore, {y,,}, {z,}, {x,.},
and {T, u, } are each bounded.

We now show that lim ||x,,,; —x,|| =0
n—-oo

Now, from (2), we have
1zn = Zp—1ll = Bnxn + (1 = Br) Tty — Pr1Xn-1 — (1 = Br_ 1) Tn_1Un_4ll
< Bullxn = xnall + 1Bn = B xn-all + (1 = B lluy — Uy |l
FITaun-1 — Tnortn-1 1+ Bro i I Tnoatna |l + Brll Trun 4l
Since u,, = 8™y, and u,_, = 6My,_,, then
lln = tnall = 116"y, — 8y, 4 |l
< lyn = Yn-all
= ||Pc[(1 — ap)xn] — Pc[(1 — an_1)xn-4]ll
<A = ap)xn, — (1= ap_q)xp4|l
< e = xp-all + an x|+ [lx, -4l
Substituting (5) into (3) we have

”Zn - Zn—l” = .Bn”xn - xn—l” + |ﬁn - .811—1 ”lxn—l” + (1 - .Bn)”xn - xn—l”

+an”xn”+an—1 ”xn—lll + ”Tnun—l - Tn—lun—lll + En—l”Tn—lun—lll

+Bpl Tt |

4)

(5)

< Ml = Xl + A = B (@1l [l + @nllXall] + 180 = Baza [llxn-al

+”Tnun—1 - Tn—lun—lll + ﬁn—l”Tn—lun—lll + ﬂn”Tnun—lll

But

"xn - xn—l” = ”T}Lnﬂzn - TAnZn—l”

IA

||T’1"+1Zn _ T/ln+1zn_1|| + ||T1n+1zn_1 - TA”Zn—1||

IA

(A =21z =z |l +124, — A1 lSIG(TyZpp— )|
Therefore, from (6), we have

”xn - xn—l” < (1 - An+1a)”xn - xn—l”

+(1 = L [l — xp-all + (1 = Br) (@l ll + anllxn D

(6)

()

{T2,}, {G(T12)}, {xn}
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+Bn = Br-1 xn-all + I Taun—1 = Tnoqtp |l + Broa 1Tyt 1l
FBnlTottn-1ll] + 12 = 441 161G (T Zn- 1)l

< (A = A @lixn — xnall (A = B [an-1llxn-1 1l + anllxy ]

+1Bn = B xtn—1ll + I Tqttn—1 — T tn—1ll + By 1Tty ll
Bl Taun-1ll] + 120 — AnsalSIG (Trzn-1)l
= (1 = App1Ollxn — xp4ll + by
where
by = (1 = B)[an-1llxn-1ll + anllxxll]

+1Bn = Br—1 Ixn-1|l + sup {7z — Tr1 2|} + Br1 I Tr—1ttn-1ll

ZEuy,
Bl Tattn-all] + 14 = A1 [6NG (Tyzn-l -
Since {T,} satisfies the AKTT — condition and by Lemma 2.1, we have that
1im [l = xall = 0 ®)
Observe that
lyn = xnll = IPc(1 = @n)xn = Pexall < apllxnll = 0, as n— oo €))
We obtain for each x* € F that
lyn — 27112 = 1Pc(1 — an)x, — x*|I?
< G = x7) — anx”||?
< [llxn — %"l + en llx*11]?
< llxn = %7117 + 2anll, — x* a1l + @n®llx, 117
= llxn —x°II” + My (10)
Where M; = 2||x, — x*|| + a,|lx*|].

Since TT];" is firmly nonexpansive for each k€ {1, 2, 3,... , M}, so we have for eachx* € Fand k€ {1, 2, 3,
..., M} that

2
165y, — 212 = [T} 10% 1y, — T F0* e

< (6F 1y, —ok1x*, Oky, —x*)
= ;(”9’(_13’11 — x*|17 + [18%y, — 7|12 = 1671y, — 64y, 1%)
This implies that
6%y, — x*II> < 116" 1y, — x*1I% — 1165y, — 8%y, I? (11)

This shows that from (10) and (11), we have
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llu, = x*1? = 16My, — x*||?

M
<y =27l = ) [075 = 013

i=1
M
< llutp =7l = )05, = 013, (12)
i=1
But
sy — x°N12 = |72z, — 27|

< ||T’1"+1zn — Thn+1y*

+ || T A1t — x*

]2
< [A = A ®)llzn = X7+ A41 SIG () ]2
< (A = 1 @?1zn = X712 + 282041 (1 = Ansn)l1zn — X7 NG )]
+ 474162116 ()7 (13)
Also, from (12) we have that
zn = x" 1% = 1B (e — x™) + (1 = B) Tt — X712

< Ballxy = 27117 + (1 = B)lluy — X712

M
. . 2
< Bulln = IIP + (1= o) | Iy =712 = Y1675, = 03|
i=1

M
. . 2
< .Bn”xn - x*”2 + (1 - .Bn)[ ”xn - x*”2 + aan - Z”el_lyn - elyn” ]

=1
M
* i— i 2
= Iy = x"l1? + ey (1 = B)M; — (1 - [J’n)ZHG‘ Y = 8|1 (14)
i=1
Substituting (14) into (13), we haave

M
. . 2
IXne1 = 27112 < (1 = Anpr @) 2y — x* I + @ (B)M; — (1 — ﬁn)ZH@L Wy = 6y ]

i=1
+28An41(1 = A 1012 — X" G G + 454182116 ()2

<l = %11 + @ (1 = Ay @) (1 = B My

M
~(1 = 2ya @A = B) ) [0 = 0y,
i=1

+282n41(1 = Apya@)llzn — x* MG GO + 274182116 (x)II?

Therefore,
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M
. . 2 . .
1= 2001 — ﬁn)znel_lyn - elyn“ < (lx = x|+ [xpe1 = X" Dl xp41 — x5l

i=1

+an(1 - An+1a)(1 - ,Bn)Ml
+262041(1 = Apgr @) |z, — x|IG )
+254182 G (x M) |I?

Hence,

M
lim Z”ei—lyn —oiy|* =0

So we can conclude that
lim 191y, — 0%y, 12 = 0 (15)
foreach k € {1, 2, 3, ..., M}.Observing
lun = yall = 16"y, =yl
< 110"y, — 62yl + 16M 2y, — 0¥ Lyl + . ..+ 181y, — il
it follows from (15) that
lim [l = ll = 0 (16)
Next we show that

Tlll_l;glo”TnYn - yn” =0

Now,
Iz, = unll® = 2|z, — 7117 + 2llup — x7|I1?
< 2[ Ballxn — 717 + (1 = B Tpup — x7112 ]
+2(lu, — x7|I1?
< 2[ Ballxn — 27117 + (1 = B)llun — x7117]
+2||lu, — x*||?
= 2Bnllxn — x*1I1? = 2B, llupn — %I
= 2PBnllxn — unll[ llxn — 2" + llup — x7|1 ]
Hence,
lim 12, = |l = 0 (17)
Also,

”un _xn” < ”un _yn” + ”yn _xn” ->0,asn- o
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and
lzn — 21l < 1z — upll + llup — %41l > 0, as n >
IToyn = Yall? = IThun — X" + x* — upll?
= 1Tt — 7112 + 2(Toun — X%, " — up) + llup — x7|I
< 2llu, — x*||2 + 2(Tu, — u, +u, — x*, x* —u,)
= 2lluy — X717 + 2(Thun — un, X — up) = 2llup — x7|1?
= 2Ty, — Uy, X* —Uy) (18)
Also from (2), we have
(Zn — X", up —x") = Pplxn — X7, up — x7)
+ (1= B)(Toun — Un + Up — X%, Uy — X7)
= Bulxn — x", up —x7) + (1 = B (TattnUn , Uy — X7)
+ (1 = B)llu, — 7|12
Which implies
(1 = BTty — Un, X" —Up) = BulXy — x*, Uy —X7) = (2 — X7, Up —X7)
+ (1 = B)llu, — x*||?
= Bulotn — X", Uy —X7) = (2, — X7, Up —x7)
+ (1= B)uy — X7, up — x7)
= Bnlxn = Un, Un —x") + (up — Zn, Uy — X7)

Using this and (18), we obtain

(1-Bn) * X
2n ”’I'nun_un”ZS ﬁn(xn_un'un_x >+(un_zn'un_x)

Therefore,
lim 1T, = yall = 0 (19)
Next we prove that
lim sup{—G(W), X1 —W) <0 (20)
n-oo

where w is the unique solution of variational inequality (—G(w) ,x, —w) <0

Vx € F.Let {xn]_} be a subsequence of {x,} such that

lim sup{(—G(w),x, —w) = lim (—-G(w) X — w)
jooo

n—oo

Since {x,}is bounded, without loss of generality, we assume {xn]_} itself converge weakly to a point z. Then z €

ic1 F(T) N (N1 EP(fi)
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Since {u,}is bounded, there exists a subsequence {un],} of {u,}such that Up; = Z Then, € NN, Fix(T)), if not, i.e. z #
T,.z, ¥ n € N thee fact that H is an Opial’s space, for all n € N, we have

lim 1nf||xn]. - z” < lim 1nf||un], - Tnjz”

j—o© j—©

< lim inf”unj nUn; ” + lim 1nf||Tnjunj - Tnjz”

j—00 }—)OO

< lim inf ||unj - Z”

]—?OO
which is a contradiction, so z € N, Fix(T).

Next we show that z € EP(f;). Note that 8%y, = TT’;"yn for each k € {1,2,... , M}.Hence, foreach n € C and k €
{1,2,... , M}, we obtain

1
fie (0% y, 1) + a(n—e"yn ,0%y, —0K 1y, ) =0, vnec

It follows from (A2) that

Yo =0y
=6y, , - )= fi(n, 8%yp),
k
and so
0%y, —0k1y,
=8y, —————12 (n.6"7,),
kan4—9k_1yn.
Since ]ri -0, kan — z and using (44) we have f,(,0%y,) <0 Vn € C.Forarealnumber t, 0 <t <1

andn € C, let n, = tn + (1 — t)z. Clearly n, € C, so that using (A1) and (A42), we have

0= fi(e me) < tfie,m) + A = Ofi(Me,2) < tfi(me,me).

This implies f,(;,n) = 0, and using this and (A43) we have that f,(z,n) =0V n € C,
z € NiLy Fix(Ty) 0 (N2 EP(fi))
Noting that z is a solution of the VI(G , F), we obtain that

lim sup{(—G(w),x, —w) = 11m (-G(w), Xn; = w)

=(—-G(w),z—w) <0.
Finally, we show that x, - w from (2)
s = wll? = [[TAne12, = w]|”
= ||TAn+1z, — TAnsiw + TAnriw — w]|®
= |41z, — TAnviw = A1 86 (W)||°

< ||TAn+1z, — T)‘n+1w||2 + 220 16(—G(W) , Xppiq — W)
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< (A = A @)llzy = wl? + 22541 8(—G(W) , Xp4q — W) 21

But
zn = wii? = 1B Ctn = w) + (1 = ) Toun — wll?
< Bully = wil* + (1 = BTy, — wli?
< Bally = wil* + (1 = B)llxn — wlf?
< Ballxy = wli? + (1 = B[l — wil* + M, ]
= llxp — Wil + anM; (22)
Substituting (22) into (21), we have
xnes = wii? < (1 = Apa @[lly — wll? + @ (1 = Br)M]
+223416(=G(W) , Xp 41 — W)
= (1 = 1O llxn = wll? + (1 = Apy10)(A = Br)anM;
+223416(=G(W) , Xp 41 — W)

< (1 - An+1“)”xn - W”2 +a,M; + 21n+15<_G(W) yXn41 — W)
< (1= L@y = Wi + Ly [ My + 26(=6 (W) ) 2y = W)

Hence, using Lemma 2.1 we have that x,, - w. In order to prove the uniqueness solution of the VI(G,F) we assume
that w* is another solution of VI(G, F). Similarly, we can conclude that {x,,} converges strongly to a point w*. Hence,
w = w* thatis w is the unique solution of VI(G , F). This completes the proof.

4  Conclusion

In this paper, we have introduced a novel iterative algorithm for approximating a common solution to a system of
generalized equilibrium problems and a finite family of nonexpansive mappings in Hilbert space. Under suitable
conditions on the control parameters and operator properties, we established strong convergence of the generated
sequence to a unique point that simultaneously solves the generalized equilibrium problem, lies in the intersection of
the fixed point sets, and satisfies a corresponding variational inequality. The proposed method extends and improves
upon several existing results in the literature, offering a unified framework that accommodates both equilibrium and
fixed point formulations. Moreover, the analytical techniques employed - particularly the use of strongly monotone and
Lipschitz continuous operators - may be of independent interest and applicable to broader classes of problems in
nonlinear analysis and optimization.

Future research may explore extensions of this framework to Banach spaces, incorporate stochastic perturbations, or
investigate accelerated schemes for improved computational efficiency.
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