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Abstract 

In this paper, we propose a novel iterative algorithm for approximating solutions to generalized equilibrium problems 
and identifying common fixed point of a finite family of nonexpansive mappings in Hilbert spaces. Under suitable control 
conditions on the algorithmic parameters, we establish strong convergence of the generated sequence to a unique point 
that simultaneously solves the generalized equilibrium problem and lies in the intersection of the fixed point sets. This 
limit is further characterized as the unique solution to a corresponding variational inequality. The presented results 
extend and improve upon several recent contributions in the literature. Moreover, both the iterative scheme and the 
analytic techniques employed are of independent interest and may be applicable to broader classes of problems in 
nonlinear analysis.   

Keywords: Equilibrium Problem; Nonexpansive Mapping; Fixed Point; Hilbert Spaces; Strong Convergence; Monotone 
Mappings 

1 Introduction 

The study of iterative methods for solving nonlinear problems in Hilbert spaces has garnered significant attention due 
to their wide applicability in optimization, equilibrium theory, and partial differential equations. In particular, variation 
inequalities, fixed point problems, and generalized equilibrium problems serve as foundational models in these 
domains. 

Let  𝐻  be a Hilbert space and  𝐶 ⊂  𝐻 , a nonempty, closed, and convex subset. A nonlinear operator  𝐺:𝐻 ⟶  𝐻  is said 
to be 𝑘 – Lipschitz if there exists constants 𝑘, 𝜂 > 0   such that for all  𝑥 , 𝑦 ∈  𝐻  

 ‖𝐺𝑥 − 𝐺𝑦‖  ≤ 𝑘‖𝑥 − 𝑦‖ and 〈 𝐺𝑥 −  𝐺𝑦 , 𝑥 −  𝑦 〉  ≤  𝜂‖𝑥 − 𝑦‖2      (1)   

 When   𝑘 ∈ [0 , 1),  𝐺  is a contradiction; if 𝑘 = 1,   it is nonexpansive 

The classical variational inequality problem seeks a point .  𝑥∗  ∈  𝐶 such that 

〈 𝐺𝑥∗ , 𝑦 − 𝑥∗ 〉  ≥ 0 ,       ∀ 𝑦 ∈  𝐶 

This problem is equivalent to the fixed point formulation    

𝑥∗ = 𝑃𝐶 (𝑥
∗ −  𝛿𝐺𝑥∗),
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where  𝛿 > 0 is a fixed constant and  𝑃𝐶   denotes the metric projection onto 𝐶. Under suitable conditions on 𝐺 and 𝛿,  
fixed point methods can be employed to approximate solutions of the variational inequality. However, the 
computational complexity of the projection operator  𝑃𝐶 , especially when  𝐶  has intricate geometry, has motivated the 
development of alternative iterative schemes. 

To address this challenge, hybrid methods have been introduced. Notably, Yamada proposed a descent – type algorithm 
that avoids direct projection while ensuring strong convergence under monotonicity and Lipschitz conditions. This 
approach has inspired a range of subsequent algorithms aimed at solving variational inequalities and related problems 
more efficiently. 

Parallel to this, equilibrium problems has emerged as a unifying frame work encompassing variational inequalities 
optimization problems, and Nash equilibria. Given a family of bifunctions { 𝑓𝑘}𝑘∈Λ ∶ 𝐶 x 𝐶 ⟶  ℝ , the generalized 
equilibrium problem seeks  𝑥∗  ∈  𝐶 such that   

 𝑓𝑘(𝑥
∗, 𝑦) ≥ 0 ,    ∀ 𝑦 ∈  𝐶,   ∀ 𝑘 ∈ Λ. 

When  Λ is a singleton, this reduces to the classical equilibrium problem. Such models arise naturally in economics, game 
theory and engineering. 

Recent developments have focused on finding common solutions to multiple problem classes – such as the intersection 
of fixed point sets of nonexpansive mappings and solution sets of equilibrium problems. Viscosity approximation 
methods, modified Mann iterations, and hybrid projection techniques have been employed to establish strong 
convergence results under various structural assumptions. 

Motivated by these advances, we introduce a new iterative scheme for approximating a common solution to a finite 
family of nonexpansive mappings and a system of generalized equilibrium problems in Hilbert spaces. The proposed 
method guarantees strong convergence to a unique point that simultaneously solves the variational inequality, lies in 
the intersection of the fixed point sets, and satisfies the equilibrium conditions. Our results generalize and improve upon 
several recent contributions in the literature, and the algorithmic framework and analytical techniques developed 
herein are of independent interest.   

2 Preliminaries 

Let  𝐻 be a real Hilbert space. For a sequence { 𝑥𝑛}  ⊂  𝐻, we write  𝑥𝑛 ⟶ 𝑥∗ to denote strong convergence and  𝑥𝑛 ⇀
 𝑥∗ to denote weak convergence. A Banach space 𝐸 is said to satisfy the opial condition if for every sequence  { 𝑥𝑛}   ⊂   𝐸  
with  𝑥𝑛 ⇀ 𝑥

∗, the inequality  

lim inf
𝑛→∞

 ‖𝑥𝑛 − 𝑥
∗‖  <  lim inf

𝑛→∞
 ‖𝑥𝑛 − 𝑦‖ 

holds for all  𝑦 ∈  𝐸,   𝑦 ≠  𝑥∗. 

It is well known that Hilbert space satisfy the Opial condition (see [6]). 

We shall make use of the following auxiliary results throughout the paper. 

Lemma 2.1   (Xu [𝟏𝟎]) Let  { 𝑎𝑛}  be a sequence of nonnegative real numbers satisfying  

 𝑎𝑛+1 ≤ (1 − 𝜆𝑛) 𝑎𝑛  +  𝜆𝑛𝜎𝑛 + 𝛾𝑛,       𝑛 ≥ 0, 

where: 

(𝑖)  { 𝜆𝑛}   ⊂ [0 , 1]  𝑤𝑖𝑡ℎ  ∑  𝜆𝑛 = ∞; 

(𝑖𝑖)  𝑙𝑖𝑚 𝑖𝑛𝑓
𝑛→∞

 𝜎𝑛 ≤ 0 ; 

(𝑖𝑖𝑖)  𝛾𝑛 ≥ 0  and   ∑𝛾𝑛 < ∞. 



World Journal of Advanced Research and Reviews, 2025, 27(02), 2199-2211 

2201 

Then   𝑎𝑛 ⟶  0  as   𝑛 ⟶ ∞ 

Theorem 2.1   (Takahashi [𝟕])  Let  𝐶  ⊂  𝐻  be a nonempty, closed, and convex subset, and let  𝑓: 𝐶 𝑥 𝐶 ⟶  ℝ,  be a 
bifunction satisfying 

(𝐴1)  𝑓(𝑥 , 𝑥) = 0   for all  𝑥 ∈  𝐶 

(𝐴2)  𝑓 𝑖𝑠 𝑚𝑜𝑛𝑜𝑡𝑜𝑛𝑖𝑐  𝑓(𝑥 , 𝑦) +  𝑓(𝑦 , 𝑥)  ≤ 0   for all  𝑥 , 𝑦 ∈  𝐶 

(𝐴3) For all  𝑥 , 𝑦 , 𝑧 ∈  𝐶,  𝑙𝑖𝑚
𝑡↓0

𝑓(𝑡𝑧 + (1 − 𝑡)𝑥 , 𝑦)  ≤  𝑓(𝑥 , 𝑦);  

(𝐴4) For each  𝑥 ∈  𝐶,  𝑦 ↦ 𝑓(𝑥 , 𝑦)  is convex and lower continuous. 

 

Lemma 2.2   (Blum and Oettli [𝟐]) Let  𝐶  ⊂  𝐻  be a nonempty, closed, and convex, and let  𝑓: 𝐶 x 𝐶 ⟶  ℝ,  satisfy 
conditions  (𝐴1) − (𝐴4).  Then for any  𝑟 >  0  and  𝑥 ∈  𝐻, there exists 𝑧 ∈  𝐶  such that     

𝑓(𝑥 , 𝑦) + 
1

𝑟
  〈 𝑦 −  𝑧 , 𝑧 − 𝑥 〉  ≥ 0       ∀ 𝑦 ∈ C. 

Lemma 2.3   (Combettes and Hirstoaga [𝟓])   Let  𝑓: 𝐶 x 𝐶 ⟶  ℝ,  satisfy conditions  (𝐴1) − (𝐴4).  Then for any  𝑟 > 0 

and  𝑥 ∈  𝐻, define the mapping  𝑇𝑟
𝑓
: 𝐻 ⟶ 𝐶  by    

𝑇𝑟
𝑓(𝑥) ∶ = { 𝑧 ∈  𝐶 ∶ 𝑓(𝑧 , 𝑦) + 

1

𝑟
  〈 𝑦 − 𝑧 , 𝑧 − 𝑥 〉  ≥ 0       ∀ 𝑦 ∈ C }. 

Then 

(1)  𝑇𝑟
𝑓

  is single – valued  

(2)  𝑇𝑟
𝑓

   is firmly nonexpansive. That is: 

‖𝑇𝑟
𝑓
𝑥 − 𝑇𝑟

𝑓
𝑦‖

2
≤  〈 𝑇𝑟

𝑓
𝑥 − 𝑇𝑟

𝑓
𝑦 , 𝑥 − 𝑦 〉 ,   ∀ 𝑥 , 𝑦 ∈ H ; 

(3)  The fixed point set   𝐹(𝑇𝑟
𝑓
)  coincides with the solution set  𝐸𝑃(𝑓); 

(4)  𝐸𝑃(𝑓) is closed and convex. 

Let  { 𝑇𝑛}𝑛=1
𝑁   be a family of mappings on a subset 𝐶 ⊂ 𝐻  such that  ⋂ 𝐹(𝑇𝑛) ≠ 0.

𝑁
𝑛=1   The family { 𝑇𝑛} is said to satisfy the   

𝐴𝐾𝑇𝑇 − 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 [3]  if for bounded subset 𝐵 ⊂ 𝐶,              

∑sup { ‖𝑇𝑛+1𝑧 − 𝑇𝑛𝑧‖

𝑁

𝑛=1

∶ 𝑧 ∈ 𝐵 } < ∞. 

Lemma 2.4   (AKTT [𝟑]) Let  𝐶  ⊂  𝐻  be a nonempty and closed, and   let  { 𝑇𝑛}  be a family of mappings  𝐶  satisfying the   
𝐴𝐾𝑇𝑇 − 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛.  Then for each 𝑥 ∈ C,                                           the sequence  {𝑇𝑛𝑥}  converges strongly to a poit in 𝐶    
Moreover, defining 

𝑇𝑥 ∶= lim
𝑛→∞

𝑇𝑛𝑥 ,   ∀ 𝑥 ∈ C 

we have  

lim sup
𝑛→∞

 sup  { ‖𝑇𝑧 −  𝑇𝑛𝑧‖ ∶  𝑧 ∈ 𝐵 } = 0 
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 for every bounded subset  𝐵 ⊂ 𝐶 In the sequel, we denote by  ({ 𝑇𝑛} , 𝑇)  a pair satisfying the  𝐴𝐾𝑇𝑇 − 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 , with 𝑇  
defined as above and   𝐹 ∶= ⋂ 𝐹𝑖𝑥(𝑇𝑛).

𝑁
𝑛=1          

3 Main Results  

In the analysis that follows, we adopt the assumptions  η <
1

2
  in inequality   (1) without loss of generality. This condition 

facilitates the convergence analysis and is standard in related                      literature. We begin by establishing a key 
lemma that serves as a foundation for the subsequent results.                                                                                                         

Lemma 3.1   Let   𝐻  be a real Hilbert space and  Let  𝑇:𝐻 ⟶  𝐻,  be a nonexpansive mapping . Suppose  𝐺:𝐻 ⟶  𝐻 is an  

𝜂 − strongly monotone and  𝑘 −Lipschitz continuous operator. Let 𝜆 ∈ (0 , 1) and choose  𝛿 ∈ (0 ,𝑚𝑖𝑛 {1 ,
2𝜂

𝑘2
}).  Define 

the mapping   𝑇𝜆 : 𝐻 ⟶  𝐻  by 

𝑇𝜆 𝑥 = 𝑇𝑥 −  𝜆𝛿𝐺(𝑇𝑥),        ∀ 𝑥 ∈ 𝐻 

Then  𝑇𝜆  is a strict contraction.  Specifically, for all  𝑥 , 𝑦 ∈ 𝐻,    

‖𝑇𝜆 𝑥 − 𝑇𝜆 𝑦‖  ≤ (1 − 𝜆𝛼)‖𝑥 − 𝑦‖ 

where  

                                                              𝛼 ∶=  𝛿(𝜂 −
𝛿𝑘2

2
)  ∈ (0 , 1).                                                                                                                                                    

Proof: From  𝛿 < 
2𝜂

𝑘2
, we have  0 < 2𝜂 − 𝛿𝑘2.  Furthermore, from η <

1

2
, we have 2𝜂 − 𝛿𝑘2 < 1.  

So that 

  0 < 2𝜂 − 𝛿𝑘2 < 1. Also, as  𝛿 < 1 and 𝜆 ∈ (0 , 1), we obtain that 0 < 𝜆𝛿(2𝜂 − 𝛿𝑘2) < 1.  

 Then for  𝑥 , 𝑦 ∈ 𝐻,  we have 

 ‖𝑇𝜆 𝑥 − 𝑇𝜆 𝑦‖
2 

 =   ‖𝑇𝑥 − 𝑇𝑦 − 𝜆𝛿(𝐺(𝑇𝑥) − 𝐺(𝑇𝑦))‖2                                        

                                =   ‖𝑇𝑥 − 𝑇𝑦‖2 − 2𝜆𝛿〈𝐺(𝑇𝑥) − 𝐺(𝑇𝑦) , 𝑥 − 𝑦〉 + 𝜆2𝛿2‖(𝐺(𝑇𝑥) − 𝐺(𝑇𝑦))‖2 

                                ≤   ‖𝑇𝑥 − 𝑇𝑦‖2 − 2𝜆𝛿𝜂‖𝑇𝑥 − 𝑇𝑦‖2 + 𝜆2𝛿2𝑘2‖𝑇𝑥 − 𝑇𝑦‖2   

                                ≤ [1 − 𝜆𝛿(2𝜂 − 𝜆𝛿𝑘2)] ‖𝑥 − 𝑦‖2  

                                 ≤ [1 − 2𝜆𝛿 (𝜂 −
𝛿𝑘2

2
)] ‖𝑥 − 𝑦‖2  

                                 ≤ [1 − 𝜆𝛿 (𝜂 −
𝛿𝑘2

2
)] 2‖𝑥 − 𝑦‖2        

                                 = [1 − 𝜆𝛼]2 ‖𝑥 − 𝑦‖2 .   

The proof is now complete. 

Theorem 3.1  Let  𝐶  be a nonempty, closed, convex subset of a real Hilbert space 𝐻. Let  {𝑓𝑘}𝑘=1
𝑀 : 𝐶 x 𝐶 ⟶ ℝ, be a family 

of bifunction which satisfies (𝐴1) − (𝐴4). Let {𝑇𝑛}𝑛=1
𝑁  be a finite family of nonexpansive mappings of  𝐶 into itself and let  

𝐺 be a  𝑘 −Lipschitz and  𝜂 − strongly monotone mapping of  𝐶 into  𝐻 such that  𝐹 ∶= ⋂ 𝐹𝑖𝑥(𝑇𝑛) ∩ (⋂ 𝐸𝑃(𝑓𝑘)) ≠
𝑀
𝑘=1

𝑁
𝑛=1

0. For an arbitrary but fixed  𝛿 ∈ (0 ,
2𝜂

𝑘2
), let {𝑥𝑛}  and {𝑦𝑛} be sequences generated by  
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{
 
 

 
 

 𝑥1 ∈ 𝐶                                                                         

 𝑦𝑛 = 𝑃𝐶[(1 − 𝛼𝑛)𝑥𝑛]                                              

  𝑢𝑛 = 𝑇𝑟𝑀
𝑓𝑀𝑇𝑟𝑀−1

𝑓𝑀−1 .  .  .  𝑇𝑟2
𝑓2𝑇𝑟1

𝑓1𝑦𝑛                              

𝑧𝑛 = 𝛽𝑛𝑥𝑛 + (1 − 𝛽𝑛)𝑇𝑛𝑢𝑛                                

 𝑥𝑛+1 = 𝑇
𝜆𝑛+1𝑧𝑛 = 𝑇1𝑧𝑛 − 𝜆𝑛+1𝛿𝐺(𝑇1𝑧𝑛)     𝑛 ≥ 1 

                                                       (2) 

 

where {𝛼𝑛} ,  {𝛽𝑘} , {𝜆𝑛} are sequences in (0 , 1) and  𝑟𝑘 ∈ (0 , 𝛼𝑘) for each  𝑘 ∈ {1, 2, . . ., 𝑀} 

satisfying  

(𝐶1)  lim
𝑛→∞

𝛼𝑛 = 0 ,   lim
𝑛→∞

𝜆𝑛+1

𝛼𝑛
= 0 ; 

(𝐶2)  ∑ 𝛼𝑛 = ∞
∞
𝑛=1  

(𝐶3)  lim
𝑛→∞

𝛽𝑛 = 0 ,   lim
𝑛→∞

|𝜆𝑛+1 − 𝜆𝑛| = 0  and   lim
𝑛→∞

|𝛽𝑛+1 − 𝛽𝑛| = 0 

Suppose that  ({𝑓𝑘} , 𝑇) satisfies the 𝐴𝐾𝑇𝑇 − 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛. Then {𝑥𝑛} and {𝑦𝑛} converge strongly to an element in  𝐹, which 
is a unique solution of the variational inequality 𝑉𝐼(𝐺 , 𝐹)                         

Proof:   We first prove the boundedness of  {𝑥𝑛} . Denote θ𝑘 =  𝑇𝑟𝑀
𝑓𝑀𝑇𝑟𝑀−1

𝑓𝑀−1 .  .  .  𝑇𝑟2
𝑓2𝑇𝑟1

𝑓1  for any  𝑘 ∈ {1, 2, .  .  .  , 𝑀} and  

θ0 = 𝐼.  We note that 𝑢𝑛 = θ
𝑀𝑦𝑛. From (2) we have for each 𝑥∗ ∈ 𝐹 that  

‖𝑢𝑛 − 𝑥
∗‖ = ‖𝜃𝑀𝑦𝑛 − 𝜃

𝑀𝑥∗‖ 

         ≤ ‖𝑦𝑛 − 𝑥
∗‖ 

 Also 

                                                              ‖𝑦𝑛 − 𝑥
∗‖ =  ‖𝑃𝐶[(1 − 𝛼𝑛)𝑥𝑛] − 𝑥

∗‖   

                                                                                  ≤ ‖(1 − 𝛼𝑛)𝑥𝑛 − 𝑥
∗‖ 

                                                                                  ≤ (1 − 𝛼𝑛)‖𝑥𝑛 − 𝑥
∗‖ + 𝛼𝑛‖𝑥

∗‖  

Thus, 

              ‖𝑧𝑛 − 𝑥
∗‖  =  ‖𝛽𝑛(𝑥𝑛 − 𝑥

∗) + (1 − 𝛽𝑛)(𝑢𝑛 − 𝑥
∗)‖    

                                   ≤ 𝛽𝑛‖𝑥𝑛 − 𝑥
∗‖ + (1 − 𝛽𝑛)‖𝑢𝑛 − 𝑥

∗‖  

                                   ≤ 𝛽𝑛‖𝑥𝑛 − 𝑥
∗‖ + (1 − 𝛽𝑛)‖𝑦𝑛 − 𝑥

∗‖ 

                                   ≤ 𝛽𝑛‖𝑥𝑛 − 𝑥
∗‖ + (1 − 𝛽𝑛)(1 − 𝛼𝑛)‖𝑥𝑛 − 𝑥

∗‖ + 𝛼𝑛(1 − 𝛽𝑛)‖𝑥
∗‖ 

                                   ≤  1 − 𝛼𝑛(1 − 𝛽𝑛)‖𝑥𝑛 − 𝑥
∗‖ + 𝛼𝑛(1 − 𝛽𝑛)‖𝑥

∗‖                                        (3) 

But, from (3) and Lemma 3.1, we have 

‖𝑥𝑛+1 − 𝑥
∗‖ = ‖𝑇𝜆𝑛+1𝑧𝑛 − 𝑥

∗‖  

                        ≤ ‖𝑇𝜆𝑛+1𝑧𝑛 − 𝑇
𝜆𝑛+1𝑥∗‖ + ‖𝑇𝜆𝑛+1𝑥∗ − 𝑥∗‖ 

                        ≤ (1 − 𝜆𝑛+1𝛼)‖𝑧𝑛 − 𝑥
∗‖ + 𝜆𝑛+1𝛿‖𝐺(𝑥

∗)‖   
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                        ≤ (1 − 𝜆𝑛+1𝛼)[ (1 − 𝛼𝑛(1 − 𝛽𝑛))‖𝑥𝑛 − 𝑥
∗‖   + 𝛼𝑛(1 − 𝛽𝑛)‖𝑥

∗‖ ] 

                              + 𝜆𝑛+1𝛼
𝛿

𝛼
‖𝐺(𝑥∗)‖  

                       ≤ max  {max  { ‖𝑥𝑛 − 𝑥
∗‖ ,  ‖𝑥∗‖ } ,  

𝛿

𝛼
‖𝐺(𝑥∗)‖ } 

where  𝛼 is as in Lemma 3.1. Hence, {𝑥𝑛} is bounded. Furthermore, {𝑦𝑛} , {𝑧𝑛}, {𝑥𝑛} ,                           {𝑇1𝑧𝑛},  {𝐺(𝑇1𝑧𝑛)}, {𝑥𝑛} 
and {𝑇𝑛𝑢𝑛} are each bounded.  

We now show that  lim
𝑛→∞

‖𝑥𝑛+1 − 𝑥𝑛‖ = 0  

 Now, from  (2) , we have 

‖𝑧𝑛 − 𝑧𝑛−1‖ =  ‖𝛽𝑛𝑥𝑛 + (1 − 𝛽𝑛)𝑇𝑛𝑢𝑛 − 𝛽𝑛−1𝑥𝑛−1 − (1 − 𝛽𝑛−1)𝑇𝑛−1𝑢𝑛−1‖  

                        ≤ 𝛽𝑛‖𝑥𝑛 − 𝑥𝑛−1‖ + |𝛽𝑛 − 𝛽𝑛−1 |‖𝑥𝑛−1‖ + (1 − 𝛽𝑛)‖𝑢𝑛 − 𝑢𝑛−1‖ 

                             +‖𝑇𝑛𝑢𝑛−1 − 𝑇𝑛−1𝑢𝑛−1‖+ 𝛽𝑛−1‖𝑇𝑛−1𝑢𝑛−1‖ + 𝛽𝑛‖𝑇𝑛𝑢𝑛−1‖                             (4) 

Since 𝑢𝑛 = θ
𝑀𝑦𝑛 and  𝑢𝑛−1 = θ

𝑀𝑦𝑛−1 , then  

                     ‖𝑢𝑛 − 𝑢𝑛−1‖ = ‖θ𝑀𝑦𝑛− θ
𝑀𝑦𝑛−1‖ 

                                              ≤ ‖𝑦𝑛 − 𝑦𝑛−1‖ 

                                              = ‖𝑃𝐶[(1 − 𝛼𝑛)𝑥𝑛] − 𝑃𝐶[(1 − 𝛼𝑛−1)𝑥𝑛−1]‖ 

                                              ≤ ‖(1 − 𝛼𝑛)𝑥𝑛 − (1 − 𝛼𝑛−1)𝑥𝑛−1‖ 

                                              ≤ ‖𝑥𝑛 − 𝑥𝑛−1‖ + 𝛼𝑛‖𝑥𝑛‖+𝛼𝑛−1‖𝑥𝑛−1‖                                               (5)           

Substituting (5) into (3) we have  

      ‖𝑧𝑛 − 𝑧𝑛−1‖ = 𝛽𝑛‖𝑥𝑛 − 𝑥𝑛−1‖ + |𝛽𝑛 − 𝛽𝑛−1 |‖𝑥𝑛−1‖ + (1 − 𝛽𝑛)‖𝑥𝑛 − 𝑥𝑛−1‖ 

                                    +𝛼𝑛‖𝑥𝑛‖+𝛼𝑛−1 ‖𝑥𝑛−1‖ + ‖𝑇𝑛𝑢𝑛−1 − 𝑇𝑛−1𝑢𝑛−1‖ + 𝛽𝑛−1‖𝑇𝑛−1𝑢𝑛−1‖ 

                                    +𝛽𝑛‖𝑇𝑛𝑢𝑛−1‖ 

                              ≤ ‖𝑥𝑛 − 𝑥𝑛−1‖ + (1 − 𝛽𝑛)[𝛼𝑛−1‖𝑥𝑛−1‖ + 𝛼𝑛‖𝑥𝑛‖] + |𝛽𝑛 − 𝛽𝑛−1 |‖𝑥𝑛−1‖ 

                                    +‖𝑇𝑛𝑢𝑛−1 − 𝑇𝑛−1𝑢𝑛−1‖ + 𝛽𝑛−1‖𝑇𝑛−1𝑢𝑛−1‖ + 𝛽𝑛‖𝑇𝑛𝑢𝑛−1‖                   (6)             

But  

              ‖𝑥𝑛 − 𝑥𝑛−1‖ = ‖𝑇
𝜆𝑛+1𝑧𝑛 − 𝑇

𝜆𝑛𝑧𝑛−1‖  

                                       ≤ ‖𝑇𝜆𝑛+1𝑧𝑛 − 𝑇
𝜆𝑛+1𝑧𝑛−1‖ + ‖𝑇

𝜆𝑛+1𝑧𝑛−1 − 𝑇
𝜆𝑛𝑧𝑛−1‖  

                                       ≤ (1 − 𝜆𝑛+1𝛼)‖𝑧𝑛 − 𝑧𝑛−1‖ +|𝜆𝑛 − 𝜆𝑛+1|𝛿‖𝐺(𝑇1𝑧𝑛−1)‖                    (7)  

Therefore, from (6), we have  

‖𝑥𝑛 − 𝑥𝑛−1‖ ≤ (1 − 𝜆𝑛+1𝛼)‖𝑥𝑛 − 𝑥𝑛−1‖  

+(1 − 𝜆𝑛+1𝛼)[‖𝑥𝑛 − 𝑥𝑛−1‖ + (1 − 𝛽𝑛)(𝛼𝑛−1‖𝑥𝑛−1‖ + 𝛼𝑛‖𝑥𝑛‖) 
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                              +|𝛽𝑛 − 𝛽𝑛−1 |‖𝑥𝑛−1‖ + ‖𝑇𝑛𝑢𝑛−1 − 𝑇𝑛−1𝑢𝑛−1‖ + 𝛽𝑛−1 ‖𝑇𝑛−1𝑢𝑛−1‖ 

                              +𝛽𝑛‖𝑇𝑛𝑢𝑛−1‖] + |𝜆𝑛 − 𝜆𝑛+1|𝛿‖𝐺(𝑇1𝑧𝑛−1)‖  

                        ≤ (1 − 𝜆𝑛+1𝛼)‖𝑥𝑛 − 𝑥𝑛−1‖ +(1 − 𝛽𝑛)[𝛼𝑛−1‖𝑥𝑛−1‖ + 𝛼𝑛‖𝑥𝑛‖]  

+|𝛽𝑛 − 𝛽𝑛−1 |‖𝑥𝑛−1‖ + ‖𝑇𝑛𝑢𝑛−1 − 𝑇𝑛−1𝑢𝑛−1‖ + 𝛽𝑛−1 ‖𝑇𝑛−1𝑢𝑛−1‖ 

                            +𝛽𝑛‖𝑇𝑛𝑢𝑛−1‖] + |𝜆𝑛 − 𝜆𝑛+1|𝛿‖𝐺(𝑇1𝑧𝑛−1)‖ 

                       = (1 − 𝜆𝑛+1𝛼)‖𝑥𝑛 − 𝑥𝑛−1‖ + 𝑏𝑛  

where  

                 𝑏𝑛 = (1 − 𝛽𝑛)[𝛼𝑛−1‖𝑥𝑛−1‖ + 𝛼𝑛‖𝑥𝑛‖]  

+|𝛽𝑛 − 𝛽𝑛−1 |‖𝑥𝑛−1‖ + sup
𝑧 ∈ 𝑢𝑛

{‖𝑇𝑛𝑧 − 𝑇𝑛−1𝑧‖} + 𝛽𝑛−1 ‖𝑇𝑛−1𝑢𝑛−1‖ 

                            +𝛽𝑛‖𝑇𝑛𝑢𝑛−1‖] + |𝜆𝑛 − 𝜆𝑛+1|𝛿‖𝐺(𝑇1𝑧𝑛−1)‖ . 

Since  {𝑇𝑛} satisfies the 𝐀𝐊𝐓𝐓 − condition and by Lemma 2.1, we have that 

lim
𝑛⟶∞

‖𝑥𝑛+1 − 𝑥𝑛‖ = 0                                                                                                  (8) 

Observe that 

        ‖𝑦𝑛 − 𝑥𝑛‖ = ‖𝑃𝐶(1 − 𝛼𝑛)𝑥𝑛 − 𝑃𝐶𝑥𝑛‖ ≤ 𝛼𝑛‖𝑥𝑛‖ ⟶ 0,     𝑎𝑠   𝑛 ⟶ ∞                    (9)                 

We obtain for each  𝑥∗ ∈ 𝐹 that  

‖𝑦𝑛 − 𝑥
∗‖2 = ‖𝑃𝐶(1 − 𝛼𝑛)𝑥𝑛 − 𝑥

∗‖2  

                      ≤ ‖(𝑥𝑛 − 𝑥
∗) − 𝛼𝑛𝑥

∗‖2  

                      ≤ [‖𝑥𝑛 − 𝑥
∗‖ + 𝛼𝑛‖𝑥

∗‖]2  

                      ≤ ‖𝑥𝑛 − 𝑥
∗‖2 + 2𝛼𝑛‖𝑥𝑛 − 𝑥

∗‖‖𝑥∗‖ + 𝛼𝑛
2‖𝑥𝑛‖

2  

                      = ‖𝑥𝑛 − 𝑥
∗‖2 + 𝛼𝑛𝑀1                                                                                         (10)  

Where  𝑀1 = 2‖𝑥𝑛 − 𝑥
∗‖ + 𝛼𝑛‖𝑥

∗‖. 

Since  𝑇𝑟𝑘
𝑓𝑘   is firmly nonexpansive for each  𝑘 ∈ {1 , 2 , 3 , .  .  .  , 𝑀}, so we have for each 𝑥∗ ∈ 𝐹 and  𝑘 ∈ {1 , 2 , 3 ,

.  .  .  , 𝑀}  that  

          ‖θ𝑘𝑦𝑛 − 𝑥
∗‖2 = ‖𝑇𝑟𝑘

𝑓𝑘θ𝑘−1𝑦𝑛 − 𝑇𝑟𝑘
𝑓𝑘θ𝑘−1𝑥∗‖

2
 

                                     ≤ 〈 θ𝑘−1𝑦𝑛 − θ
𝑘−1𝑥∗ ,   θ𝑘𝑦𝑛 − 𝑥

∗ 〉      

                                     =
1

2
(‖θ𝑘−1𝑦𝑛 − 𝑥

∗‖2 + ‖θ𝑘𝑦𝑛 − 𝑥
∗‖2 − ‖θ𝑘−1𝑦𝑛 − θ

𝑘𝑦𝑛‖
2) 

This implies that 

        ‖θ𝑘𝑦𝑛 − 𝑥
∗‖2  ≤ ‖θ𝑘−1𝑦𝑛 − 𝑥

∗‖2 − ‖θ𝑘−1𝑦𝑛 − θ
𝑘𝑦𝑛‖

2                                              (11)          

This shows that from (10) and  (11) , we have 
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             ‖𝑢𝑛 − 𝑥
∗‖2 = ‖θ𝑀𝑦𝑛 − 𝑥

∗‖2    

≤ ‖𝑦𝑛 − 𝑥
∗‖ −∑‖θ𝑖−1𝑦𝑛 − θ

𝑖𝑦𝑛‖
2

𝑀

𝑖=1

                                            

≤ ‖𝑢𝑛 − 𝑥
∗‖ −∑‖θ𝑖−1𝑦𝑛 − θ

𝑖𝑦𝑛‖
2

𝑀

𝑖=1

                                   (12) 

But 

       ‖𝑥𝑛+1 − 𝑥
∗‖2 = ‖𝑇𝜆𝑛+1𝑧𝑛 − 𝑥

∗‖
2

  

                                 ≤ [ ‖𝑇𝜆𝑛+1𝑧𝑛 − 𝑇
𝜆𝑛+1𝑥∗‖ + ‖𝑇𝜆𝑛+1𝑥∗ − 𝑥∗‖ ]2  

                                ≤ [ (1 − 𝜆𝑛+1𝛼)‖𝑧𝑛 − 𝑥
∗‖ + 𝜆𝑛+1𝛿‖𝐺(𝑥

∗)‖ ]2  

                                ≤ (1 − 𝜆𝑛+1𝛼)
2‖𝑧𝑛 − 𝑥

∗‖2 + 2𝛿𝜆𝑛+1(1 − 𝜆𝑛+1)‖𝑧𝑛 − 𝑥
∗‖‖𝐺(𝑥∗)‖ 

                                      +𝜆𝑛+1
2 𝛿2‖𝐺(𝑥∗)‖2                                                                                        (13) 

Also, from (12)  we have that    

 ‖𝑧𝑛 − 𝑥
∗‖2 = ‖𝛽𝑛(𝑥𝑛 − 𝑥

∗) + (1 − 𝛽𝑛)𝑇𝑛𝑢𝑛 − 𝑥
∗‖2  

                       ≤ 𝛽𝑛‖𝑥𝑛 − 𝑥
∗‖2 + (1 − 𝛽𝑛)‖𝑢𝑛 − 𝑥

∗‖2  

≤ 𝛽𝑛‖𝑥𝑛 − 𝑥
∗‖2 + (1 − 𝛽𝑛) [ ‖𝑦𝑛 − 𝑥

∗‖2 −∑‖θ𝑖−1𝑦𝑛 − θ
𝑖𝑦𝑛‖

2
𝑀

𝑖=1

 ]           

      ≤ 𝛽𝑛‖𝑥𝑛 − 𝑥
∗‖2 + (1 − 𝛽𝑛)[ ‖𝑥𝑛 − 𝑥

∗‖2 + 𝛼𝑛𝑀1 −∑‖θ𝑖−1𝑦𝑛 − θ
𝑖𝑦𝑛‖

2
𝑀

𝑖=1

 ] 

             = ‖𝑥𝑛 − 𝑥
∗‖2 + 𝛼𝑛(1 − 𝛽𝑛)𝑀1 − (1 − 𝛽𝑛)∑‖θ𝑖−1𝑦𝑛 − θ

𝑖𝑦𝑛‖
2

𝑀

𝑖=1

 ]               (14) 

Substituting  (14) into (13),  we haave  

‖𝑥𝑛+1 − 𝑥
∗‖2 ≤ (1 − 𝜆𝑛+1𝛼)[ ‖𝑥𝑛 − 𝑥

∗‖2 + 𝛼𝑛(𝛽𝑛)𝑀1 − (1 − 𝛽𝑛)∑‖θ𝑖−1𝑦𝑛 − θ
𝑖𝑦𝑛‖

2
𝑀

𝑖=1

 ] 

                                      +2𝛿𝜆𝑛+1(1 − 𝜆𝑛+1𝛼)‖𝑧𝑛 − 𝑥
∗‖‖𝐺(𝑥∗)‖ + 𝜆𝑛+1

2 𝛿2‖𝐺(𝑥∗)‖2  

                                ≤ ‖𝑥𝑛 − 𝑥
∗‖2 + 𝛼𝑛(1 − 𝜆𝑛+1𝛼)(1 − 𝛽𝑛)𝑀1  

−(1 − 𝜆𝑛+1𝛼)(1 − 𝛽𝑛)∑‖θ𝑖−1𝑦𝑛 − θ
𝑖𝑦𝑛‖

2
𝑀

𝑖=1

                       

                                     +2𝛿𝜆𝑛+1(1 − 𝜆𝑛+1𝛼)‖𝑧𝑛 − 𝑥
∗‖‖𝐺(𝑥∗)‖ + 𝜆𝑛+1

2 𝛿2‖𝐺(𝑥∗)‖2  

Therefore, 
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(1 − 𝜆𝑛+1𝛼)(1 − 𝛽𝑛)∑‖θ𝑖−1𝑦𝑛 − θ
𝑖𝑦𝑛‖

2
𝑀

𝑖=1

≤ (‖𝑥𝑛 − 𝑥
∗‖ + ‖𝑥𝑛+1 − 𝑥

∗‖)‖𝑥𝑛+1 − 𝑥𝑛‖ 

                                                                                              +𝛼𝑛(1 − 𝜆𝑛+1𝛼)(1 − 𝛽𝑛)𝑀1  

                                                                                              +2𝛿𝜆𝑛+1(1 − 𝜆𝑛+1𝛼)‖𝑧𝑛 − 𝑥
∗‖‖𝐺(𝑥∗)‖  

                                                                                              +𝜆𝑛+1
2 𝛿2‖𝐺(𝑥∗)‖2  

Hence, 

lim
𝑛→∞

∑‖θ𝑖−1𝑦𝑛 − θ
𝑖𝑦𝑛‖

2
𝑀

𝑖=1

= 0 

So we can conclude that 

                   lim
𝑛→∞

‖θ𝑘−1𝑦𝑛 − θ
𝑘𝑦𝑛‖

2 = 0                                                            (15)  

for each  𝑘 ∈ {1 , 2 , 3 ,   .  .  .  , 𝑀}. Observing  

           ‖𝑢𝑛 − 𝑦𝑛‖ = ‖θ
𝑀𝑦𝑛 − 𝑦𝑛‖  

                                ≤ ‖θ𝑀𝑦𝑛 − θ
𝑀−2𝑦𝑛‖ + ‖θ

𝑀−2𝑦𝑛 − θ
𝑀−1𝑦𝑛‖ + .  .  .  + ‖θ

1𝑦𝑛 − 𝑦𝑛‖  

it follows from  (15) that 

                   lim
𝑛→∞

‖𝑢𝑛 − 𝑦𝑛‖ = 0                                                            (16) 

Next we show that     

lim
𝑛→∞

‖𝑇𝑛𝑦𝑛 − 𝑦𝑛‖ = 0 

Now, 

                                          ‖𝑧𝑛 − 𝑢𝑛‖
2 = 2‖𝑧𝑛 − 𝑥

∗‖2 + 2‖𝑢𝑛 − 𝑥
∗‖2  

                                                                 ≤ 2[ 𝛽𝑛‖𝑥𝑛 − 𝑥
∗‖2 + (1 − 𝛽𝑛)‖𝑇𝑛𝑢𝑛 − 𝑥

∗‖2 ]  

                                                                     +2‖𝑢𝑛 − 𝑥
∗‖2  

                                                                 ≤ 2[ 𝛽𝑛‖𝑥𝑛 − 𝑥
∗‖2 + (1 − 𝛽𝑛)‖𝑢𝑛 − 𝑥

∗‖2 ]  

                                                                     +2‖𝑢𝑛 − 𝑥
∗‖2 

                                                                = 2𝛽𝑛‖𝑥𝑛 − 𝑥
∗‖2 − 2𝛽𝑛‖𝑢𝑛 − 𝑥

∗‖2  

                                                                = 2𝛽𝑛‖𝑥𝑛 − 𝑢𝑛‖[ ‖𝑥𝑛 − 𝑥
∗‖ + ‖𝑢𝑛 − 𝑥

∗‖ ]       

Hence, 

                   lim
𝑛→∞

‖𝑧𝑛 − 𝑢𝑛‖ = 0                                                            (17) 

Also, 

                                     ‖𝑢𝑛 − 𝑥𝑛‖ ≤ ‖𝑢𝑛 − 𝑦𝑛‖ + ‖𝑦𝑛 − 𝑥𝑛‖ → 0 ,  as  𝑛 → ∞  



World Journal of Advanced Research and Reviews, 2025, 27(02), 2199-2211 

2208 

and 

                                     ‖𝑧𝑛 − 𝑥𝑛‖ ≤ ‖𝑧𝑛 − 𝑢𝑛‖ + ‖𝑢𝑛 − 𝑥𝑛‖ → 0 ,  as  𝑛 → ∞ 

                               ‖𝑇𝑛𝑦𝑛 − 𝑦𝑛‖
2 = ‖𝑇𝑛𝑢𝑛 − 𝑥

∗ +  𝑥∗ − 𝑢𝑛‖
2  

                                                          = ‖𝑇𝑛𝑢𝑛 − 𝑥
∗‖2 + 2〈𝑇𝑛𝑢𝑛 − 𝑥

∗,  𝑥∗ − 𝑢𝑛〉 + ‖𝑢𝑛 −  𝑥
∗‖2  

                                                          ≤ 2‖𝑢𝑛 −  𝑥
∗‖2 + 2〈𝑇𝑛𝑢𝑛 − 𝑢𝑛 + 𝑢𝑛 − 𝑥

∗,  𝑥∗ − 𝑢𝑛〉  

                                                          = 2‖𝑢𝑛 −  𝑥
∗‖2 + 2〈𝑇𝑛𝑢𝑛 − 𝑢𝑛 ,  𝑥

∗ − 𝑢𝑛〉 − 2‖𝑢𝑛 − 𝑥
∗‖2  

                                                          = 2〈𝑇𝑛𝑢𝑛 − 𝑢𝑛 ,  𝑥
∗ − 𝑢𝑛〉                                                        (18)          

Also from  (2), we have 

                   〈𝑧𝑛 −  𝑥
∗ ,  𝑢𝑛 − 𝑥

∗〉 =  𝛽𝑛〈𝑥𝑛 −  𝑥
∗ ,  𝑢𝑛 − 𝑥

∗〉  

                                                              + (1 − 𝛽𝑛)〈𝑇𝑛𝑢𝑛 − 𝑢𝑛 + 𝑢𝑛 − 𝑥
∗,  𝑢𝑛 − 𝑥

∗〉  

                                                         =  𝛽𝑛〈𝑥𝑛 −  𝑥
∗ ,  𝑢𝑛 − 𝑥

∗〉  +  (1 − 𝛽𝑛)〈𝑇𝑛𝑢𝑛𝑢𝑛 ,  𝑢𝑛 − 𝑥
∗〉 

                                                              + (1 − 𝛽𝑛)‖𝑢𝑛 −  𝑥
∗‖2  

Which implies 

 (1 − 𝛽𝑛)〈𝑇𝑛𝑢𝑛 − 𝑢𝑛 ,  𝑥
∗ − 𝑢𝑛〉 =  𝛽𝑛〈𝑥𝑛 −  𝑥

∗ ,  𝑢𝑛 − 𝑥
∗〉 − 〈𝑧𝑛 −  𝑥

∗ ,  𝑢𝑛 − 𝑥
∗〉  

                                                                 + (1 − 𝛽𝑛)‖𝑢𝑛 −  𝑥
∗‖2  

                                                           =  𝛽𝑛〈𝑥𝑛 −  𝑥
∗ ,  𝑢𝑛 − 𝑥

∗〉 − 〈𝑧𝑛 −  𝑥
∗ ,  𝑢𝑛 − 𝑥

∗〉  

                                                                 + (1 − 𝛽𝑛)〈𝑢𝑛 −  𝑥
∗ ,  𝑢𝑛 − 𝑥

∗〉 

                                                           =  𝛽𝑛〈𝑥𝑛 − 𝑢𝑛 ,  𝑢𝑛 − 𝑥
∗〉 + 〈𝑢𝑛 − 𝑧𝑛 ,  𝑢𝑛 − 𝑥

∗〉  

                                                                  Using this and  (18), we obtain 

                  
 (1−𝛽𝑛)

2
‖𝑇𝑛𝑢𝑛 − 𝑢𝑛‖

2 ≤  𝛽𝑛〈𝑥𝑛 − 𝑢𝑛 ,  𝑢𝑛 − 𝑥
∗〉 + 〈𝑢𝑛 − 𝑧𝑛 ,  𝑢𝑛 − 𝑥

∗〉    

Therefore,  

                                                   lim
𝑛→∞

‖𝑇𝑛𝑦𝑛 − 𝑦𝑛‖ = 0                                                                       (19)         

Next we prove that  

                                                  lim sup
                                                                    𝑛→∞

〈−𝐺(𝑤) , 𝑥𝑛+1 −𝑤〉 ≤ 0                                                 (20)      

where  𝑤 is the unique solution of variational inequality  〈−𝐺(𝑤) , 𝑥𝑛 −𝑤〉 ≤ 0 

∀ 𝑥 ∈ 𝐹. Let  {𝑥𝑛𝑗} be a subsequence of  {𝑥𝑛} such that 

lim sup
 𝑛→∞

〈−𝐺(𝑤) , 𝑥𝑛 −𝑤〉 = lim 
𝑗→∞

〈−𝐺(𝑤) , 𝑥𝑛𝑗 − 𝑤〉 

Since  {𝑥𝑛} is bounded, without loss of  generality, we assume {𝑥𝑛𝑗} itself converge weakly to a point  𝑧 . Then  𝑧 ∈

⋂ 𝐹(𝑇𝑖)
𝑁
𝑖=1 ∩ (⋂ 𝐸𝑃(𝑓𝑘))

𝑀
𝑘=1   
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Since  {𝑢𝑛} is bounded, there exists a subsequence {𝑢𝑛𝑗} of  {𝑢𝑛} such that 𝑢𝑛𝑗 ⇀ 𝑧 Then, ∈ ⋂ 𝐹𝑖𝑥(𝑇𝐼)
𝑁
𝑖=1  , if not, i.e. 𝑧 ≠

𝑇𝑛𝑧,  ∀ 𝑛 ∈ ℕ thee fact that 𝐻 is an Opial’s space, for all 𝑛 ∈ ℕ, we have  

         lim inf
              𝑗→∞

‖𝑥𝑛𝑗 − 𝑧‖ < lim inf 𝑗→∞
‖𝑢𝑛𝑗 − 𝑇𝑛𝑗𝑧‖                                                                       

                            ≤ lim inf
 𝑗→∞

‖𝑢𝑛𝑗 − 𝑇𝑛𝑗𝑢𝑛𝑗‖ + lim inf 𝑗→∞
‖𝑇𝑛𝑗𝑢𝑛𝑗 − 𝑇𝑛𝑗𝑧‖ 

           ≤ lim inf
 𝑗→∞

‖𝑢𝑛𝑗 − 𝑧‖                                             

which is a contradiction, so  𝑧 ∈ ⋂ 𝐹𝑖𝑥(𝑇𝑖)
𝑁
𝑖=1 .  

Next we show that 𝑧 ∈ 𝐸𝑃(𝑓𝑘). Note that  θ𝑘𝑦𝑛 = 𝑇𝑟𝑘
𝑓𝑘𝑦𝑛  for each  𝑘 ∈ {1, 2, .  .  .  , 𝑀}. Hence, for each  𝜂 ∈ 𝐶  and  𝑘 ∈

{1, 2, .  .  .  , 𝑀}, we obtain 

𝑓𝑘(θ
𝑘𝑦𝑛 , 𝜂) + 

1

𝑟𝑘
〈𝜂−θ𝑘𝑦𝑛 , θ

𝑘𝑦𝑛 − θ
𝑘−1𝑦𝑛 〉  ≥ 0,   ∀ 𝜂 ∈ 𝐶 

It follows from (𝐴2) that 

〈𝜂−θ𝑘𝑦𝑛 ,
θ𝑘𝑦𝑛 − θ

𝑘−1𝑦𝑛 

𝑟𝑘
〉 ≥ 𝑓𝑘(𝜂 , θ

𝑘𝑦𝑛), 

and so 

〈𝜂−θ𝑘𝑦𝑛𝑗  ,
θ𝑘𝑦𝑛𝑗 − θ

𝑘−1𝑦𝑛𝑗  

𝑟𝑘
〉 ≥ 𝑓𝑘 (𝜂 , θ

𝑘𝑦𝑛𝑗), 

Since  
θ𝑘𝑦𝑛𝑗−θ

𝑘−1𝑦𝑛𝑗  

𝑟𝑘
 → 0,  θ𝑘𝑦𝑛𝑗 ⇀ z  and using  (𝐴4) we have  𝑓𝑘(𝜂 , θ

𝑘𝑦𝑛) ≤ 0  ∀ 𝜂 ∈ 𝐶. For a real number  𝑡, 0 < 𝑡 ≤ 1 

and 𝜂 ∈ 𝐶,  let  𝜂𝑡 = 𝑡𝜂 + (1 − 𝑡)𝑧.  Clearly 𝜂𝑡 ∈ 𝐶, so that using (𝐴1) and  (𝐴2),  we have  

0 = 𝑓𝑘(𝜂𝑡 , 𝜂𝑡) ≤ 𝑡𝑓𝑘(𝜂𝑡 , 𝜂) + (1 − 𝑡)𝑓𝑘(𝜂𝑡 , 𝑧) ≤ 𝑡𝑓𝑘(𝜂𝑡 , 𝜂𝑡). 

This implies  𝑓𝑘(𝜂𝑡 , 𝜂) ≥ 0, and using this and  (𝐴3) we have that  𝑓𝑘(𝑧 , 𝜂) ≥ 0 ∀ 𝜂 ∈ 𝐶,  

  𝑧 ∈ ⋂ 𝐹𝑖𝑥(𝑇𝑖)
𝑁
𝑖=1 ∩ (⋂ 𝐸𝑃(𝑓𝑘))

𝑀
𝑘=1   

Noting  that 𝑧 is a solution of the  𝑉𝐼(𝐺 , 𝐹),  we obtain that 

lim sup
 𝑛→∞

〈−𝐺(𝑤) , 𝑥𝑛 −𝑤〉 = lim 
𝑗→∞

〈−𝐺(𝑤) , 𝑥𝑛𝑗 − 𝑤〉 

= 〈−𝐺(𝑤) , 𝑧 − 𝑤〉 ≤ 0. 

Finally, we show that  𝑥𝑛 → 𝑤  from  (2)  

                     ‖𝑥𝑛+1 − 𝑤‖
2 = ‖𝑇𝜆𝑛+1𝑧𝑛 − 𝑤‖

2
  

                                              = ‖𝑇𝜆𝑛+1𝑧𝑛 − 𝑇
𝜆𝑛+1𝑤 + 𝑇𝜆𝑛+1𝑤 −𝑤‖

2
  

                                              = ‖𝑇𝜆𝑛+1𝑧𝑛 − 𝑇
𝜆𝑛+1𝑤 − 𝜆𝑛+1𝛿𝐺(𝑤)‖

2
  

                                              ≤ ‖𝑇𝜆𝑛+1𝑧𝑛 − 𝑇
𝜆𝑛+1𝑤‖

2
+ 2𝜆𝑛+1𝛿〈−𝐺(𝑤) , 𝑥𝑛+1 − 𝑤〉 
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                                              ≤ (1 − 𝜆𝑛+1𝛼)‖𝑧𝑛 − 𝑤‖
2 + 2𝜆𝑛+1𝛿〈−𝐺(𝑤) , 𝑥𝑛+1 −𝑤〉                    (21)    

 

But 

                        ‖𝑧𝑛 − 𝑤‖
2 = ‖𝛽𝑛(𝑥𝑛 −𝑤) + (1 − 𝛽𝑛)𝑇𝑛𝑢𝑛 −𝑤‖

2  

                                             ≤ 𝛽𝑛‖𝑥𝑛 −𝑤‖
2 + (1 − 𝛽𝑛)‖𝑇𝑛𝑢𝑛 − 𝑤‖

2 

                                             ≤ 𝛽𝑛‖𝑥𝑛 −𝑤‖
2 + (1 − 𝛽𝑛)‖𝑥𝑛 −𝑤‖

2  

                                             ≤ 𝛽𝑛‖𝑥𝑛 −𝑤‖
2 + (1 − 𝛽𝑛)[‖𝑥𝑛 − 𝑤‖

2 + 𝛼𝑛𝑀1]  

                                             = ‖𝑥𝑛 − 𝑤‖
2 + 𝛼𝑛𝑀1                                                                                 (22)       

Substituting  (22) into (21), we have  

                    ‖𝑥𝑛+1 − 𝑤‖
2 ≤ (1 − 𝜆𝑛+1𝛼)[‖𝑥𝑛 −𝑤‖

2 + 𝛼𝑛(1 − 𝛽𝑛)𝑀1]  

                                                  +2𝜆𝑛+1𝛿〈−𝐺(𝑤) , 𝑥𝑛+1 − 𝑤〉  

                                              = (1 − 𝜆𝑛+1𝛼)‖𝑥𝑛 −𝑤‖
2 + (1 − 𝜆𝑛+1𝛼)(1 − 𝛽𝑛)𝛼𝑛𝑀1  

                                                  +2𝜆𝑛+1𝛿〈−𝐺(𝑤) , 𝑥𝑛+1 − 𝑤〉 

                                              ≤ (1 − 𝜆𝑛+1𝛼)‖𝑥𝑛 −𝑤‖
2 + 𝛼𝑛𝑀1 + 2𝜆𝑛+1𝛿〈−𝐺(𝑤) , 𝑥𝑛+1 − 𝑤〉 

                                              ≤ (1 − 𝜆𝑛+1𝛼)‖𝑥𝑛 −𝑤‖
2 + 𝜆𝑛+1𝛼 [

𝛼𝑛

𝜆𝑛+1𝛼
𝑀1 + 2𝛿〈−𝐺(𝑤) , 𝑥𝑛+1 −𝑤〉]  

Hence, using Lemma 2.1 we have that  𝑥𝑛 → 𝑤. In order to prove the uniqueness solution of  the  𝑉𝐼(𝐺 , 𝐹) we assume 
that  𝑤∗ is another solution of  𝑉𝐼(𝐺 , 𝐹). Similarly, we can conclude that {𝑥𝑛}  converges strongly to a point  𝑤∗. Hence, 
 𝑤 = 𝑤∗, that is 𝑤   is the unique solution of  𝑉𝐼(𝐺 , 𝐹). This completes the proof. 

4 Conclusion 

In this paper, we have introduced a novel iterative algorithm for approximating a common solution to a system of 
generalized equilibrium problems and a finite family of nonexpansive mappings in Hilbert space. Under suitable 
conditions on the control parameters and operator properties, we established strong convergence of the generated 
sequence to a unique point that simultaneously solves the generalized equilibrium problem, lies in the intersection of 
the fixed point sets, and satisfies a corresponding variational inequality. The proposed method extends and improves 
upon several existing results in the literature, offering a unified framework that accommodates both equilibrium and 
fixed point formulations. Moreover, the analytical techniques employed – particularly the use of strongly monotone and 
Lipschitz continuous operators – may be of independent interest and applicable to broader classes of problems in 
nonlinear analysis and optimization. 

Future research may explore extensions of this framework to Banach spaces, incorporate stochastic perturbations, or 
investigate accelerated schemes for improved computational efficiency. 

References 

[1] Bashir Ali, Fixed points Approximations and solutions of some equilibrium and variational inequalities problems, 
Inter. J. Math. Math’cal Sci. doi:10.1155/2009/656534. 

[2] E. Blum, W. Oetti, From optimization and variational inequalities to equilibrium problems, Math. Student 63 (1994) 
123-145. 



World Journal of Advanced Research and Reviews, 2025, 27(02), 2199-2211 

2211 

[3] D. Boonchari, S. Saejung, Weak and strong convergence theorems of an of an implicit iteration for a countable family 
of continuous pseudocontractive mappings, Journal of Computational and Applied Mathematics (2009), 233 
(2009) 1108-1116. 

[4] L. C. Ceng, H. K. Xu and J. C. Yao, A hybrid steepest-desent method for variational inequalities in Hilbert spaces, Appl. 
Anal. 87 (2008) 575-589. 

[5] P. L. Combettes, S. A. Hirstoga, Equilibrium programming in Hilbert spaces, J. Nonlinear Convex, Anal. 6 (2005) 
117-136. 

[6] Z. Opial, Weak converge of a sequence of successive approximation for nonexpansive mappings, Bull. Amer. Math. 
Soc. 73 (1967) 595-597. 

[7] S. Takahashi, W. Takahashi, Viscosity approximation methods for equilibrium problems and fixed points problems 
in Hilbert spaces, J. Math. Ana. Appl. 331 (2007) 506-515. 

[8] R. Wittmann, Approximation of fixed points of nonexpansive mappings, Archiv der Mathematik, 58 (1992) 486-
491. 

[9] H. K. Xu, T. H. Kim, Convergence of hybrid steepest-decent methods for variational inequalities, J. Optim. Theory 
Appl. 119 (2003), 185-201. 

[10] H. K. Xu, Iterative algorithms for nonlinear operators, J. London Math. Soc., 66 (2) (2006) 240-356. 

[11] I. Yamada, The Hybrid Steepest-Descent Method for Variational Inequality Problems over the Intersection of the  
Fixed-Point Sets of Nonexpansive Mappings, Inherently Parallel Algorithms in Feasibility and Optimization and their 
Applications, Edited by D. Butnariu, Y. Censor and S. Reich, Norh-Holland Amsterdam, Holland, pp. 473-504, 2001. 

[12] Y. Yao, Y. C. Liou, G. Marino, Strong convergence of two iterative algorithms for expansive mappings in Hilbert 
spaces, Fixed Point Theory and Appl. Volume 2009, Article ID 279058, 7 pages. 

[13] L. C. Zeng, Q. H. Anasari and S. Y. Wu, Strong convergence theorems of relaxed hybrid steepest-desent methods 
for variational inequalities, Taiwanese T. Math. 10 (2006) 13-29. 

[14] L. C. Zeng, N. C. Wong and J. C. Yao, Convergence analysis of modified hybrid steepest-desent methods with 
variable parameters for variational inequalities, J. Optim. Theory Appl. 132 (2007)n51-69.       


