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Abstract

The COVID-19 pandemic, which severely disrupted the global economy, remains a vital area of study for effective
preparedness against future epidemics. The emergence of different variants has led to successive waves of the disease,
prompting the development of numerous mathematical models. This study investigates an extended COVID-19 model
that incorporates both first and second doses of vaccination as control strategies, alongside previously established
physical preventive measures. The model is demonstrated to be mathematically and epidemiologically well-posed, with
the existence and uniqueness of solutions to the state system established prior to analysis. Using the Next-Generation
Matrix method, the control reproduction number was derived. Analytical results indicate that the disease-free
equilibrium is locally and globally asymptotically stable when the control reproduction number, RcR_cRec, is less than
one, and unstable when it exceeds one. Sensitivity analysis was conducted to determine the influence of key parameters
on Rc. Findings highlight that improving compliance with hand sanitizing, social distancing, mask usage, testing,
isolation, and vaccination significantly aids disease control. Conversely, reducing the rate of contact with exposed
individuals, infectiousness development, and transmission probabilities also contributes to containment. Numerical
simulations further illustrate the impact of these control measures, emphasizing the effectiveness of vaccination and
adherence to physical protocols. The study recommends promoting vaccination and reinforcing compliance with
physical preventive measures to mitigate the spread of COVID-19.

Keywords: Dual Dose Vaccination; Mathematical modeling; Physical Control Measures; Disease Dynamics; Covid-19;
Approximate Analytical Solution

1. Introduction

The 2019-20 coronavirus pandemic was caused by the infectious disease corona virus (COVID-19), which was initially
discovered in Wuhan, the Chinese capital, in 2019 [48, 38]. On December 31, 2019, it was first reported to the World
Health Organization [48].Fever, a dry cough, and breathing problems are the most typical symptoms of Covid-19, while
muscle pain, sputum production, diarrhea, and sore throat are less typical [38].Since the discovery of this virus,
numerous investigations and studies, including mathematical models to comprehend the origin and transmission of the
virus, have been conducted.

Nigeria is one of the 210 countries affected globally. The first case was confirmed in Lagos State on 27 February 2020.
This index case was a 44-year old man, an Italian citizen who returned from Milan, Italy, on 24 February and presented
at a health facility on 26 February 2020 [38]. As of 3 May 2020, 2,558 cases have been reported in the country across
35 states and the Federal Capital Territory (FCT). Of these numbers, 1,767 (69 %) are male, the age-group 21 - 30 years
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were the most affected (23%), 210 (8%) had international travel history; 400 (15.6%) cases have been discharged, and
87 deaths were recorded, bringing the case fatality rate (CFR) of confirmed cases to 3.4%, with a range from 0- 15.2%
by region. Prior to report of the COVID-19 outbreak in Africa, the WHO identified a strong link between the continent
and China and has sent out guidelines on preparedness for the outbreak. Nigeria is one of the thirteen top countries
identified as high risk for COVID-19 importation based on either direct link or high travel volume to and from China.
The WHO also advised that countries develop capacity to promptly detect cases that will enable them to contain the
outbreak early so that the health system is not overwhelmed [38, 48].It is worth noting that as of April 13, 2024, the
corona virus tracker is no longer being updated due to the unfeasibility of providing statistically valid global totals, as
some countries have now stopped reporting. However, historical data remain accessible. As at last updated in April
2024 Nigeria has the following records: Reported cases: 267,188. Deaths: 3155. Recovered: 259,953[35. 38,48].

Covid-19 is still present in Nigeria. As of May 29, 2025, Nigerian recorded 1,565 new covid-19 cases, bringing the total
to 95,934 confirmed cases. Lagos State has been significantly affected, with 807 new cases reported on the same date
[35. 38,48]. The [38] continues to monitor the situation, reporting six Covid-19 deaths in the last 24 hours.

2. Material and methods

In this work, we present a deterministic mathematical model with ten (10) human compartments made up of
Vaccination Vi, Vaccination V2, Susceptible humans, S, Exposed humans, E, Quarantined Humans, Q, Undetected
Asymptomatic Infectious Humans, Undetected symptomatic infectious humans, I, Undetected symptomatic infectious
humans under self-medication, M, Detected and hospitalized infectious humans (via testing), I; and Recovered humans,
R. The model is set up to show the effects of two doses of vaccination on the health burden of the disease.

The following assumptions are made:

e Demographic features such as natural birth and death rates are incorporated into the model as can be seen in
most recent works such as [34, 36, 40, 41,45].

e Aproportion of the susceptible humans recruited into the system is taken to be vaccinated and denoted by a.

e The susceptible humans take the first dose of covid-19 at the rate x; while those with the initial vaccination
receives the second dose at the rate k.

e Those with second dose vaccination that receives covid-19 booster are represented by the proportion, v. They
are migrated to the recovered class since they can not get infected for a long while [41, 49].

Table 1 Parameters and interpretation

Parameters | Values

A Rate of recruitment of humans

a, Proportion of recruited humans that receive first dose of vaccination

a, Proportion of recruited humans that receive second dose of vaccination

Sy Natural mortality rate

o; Disease-induced death rate of undetected symptomatic infectious humans

Oy Disease-induced death rate of hospitalized detected infectious humans

Oy Disease-induced death rate of self-medicated humans

u Quarantined humans who do not develop symptoms and are not infected that progressed to

susceptible class again

Exposed humans that are quarantined (via contact tracing)

Effective contact rate

&4 Recovery rate of undetected asymptomatic infectious humans due to strong immune system
& Recovery rate of undetected symptomatic infectious humans due to strong immune system
Em Recovery rate of humans under self-medication
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v Rate at which humans receive vaccine boosters

Ky Rate at which susceptible humans receive first vaccination

K, Rate at which humans with first vaccination receive second vaccination

P Modification parameter that accounts for a reduced transmission from V;

o Progression rate from exposed state to infectious state

y Recovery rate of detected and hospitalized infectious humans due to treatment

k Fraction of new infectious humans that is asymptomatic

n Progression rate from quarantined class to hospitalize detected infectious humans
W Detection rate (via testing) for the undetected asymptomatic infectious class

q Transition rate from undetected symptomatic infectious class to Iy

T, Rate of compliance to social distancing

T, Fraction of undetected symptomatic infectious humans that adhered strictly to COVID-19 safety

protocols and avoided self-medication

Sensitization rate on the danger of self-medication

0 Progression rate from M class to I class due to severity of COVID-19 in humans under self-
medication

01 Rate of compliance to wearing of Face mask

0> Rate of compliance to the use of hand sanitizer

c1 Modification parameter that accounts for a reduced transmission from A class

Cy Modification parameter that accounts for increased transmission from M class

Our model (1) is an extension of models that have been formulated towards gaining insights into how the novel
coronavirus disease is transmitted from one person to another [10] our work presents a major preventive strategy. We
introduced two vaccination compartments accounting for humans with first and second dose vaccination. These was
not in-cooperated in the existing literature [10], in their work they did not capture these compartments.

2. Demographic features such as natural birth and death rates are incorporated into the model of [10] as can be seen in
most recent works such as [40, 41, 45,47] . In [10] these features were neglected considering that covid-19 was still
knew and might not have been influenced much by natural and death rate but after five years of the epidemic, it is quite
appropriate to include these features as demonstrated by many works in literature. We incorporated it in the present
work. We reformulated our model (1) by introducing the preventive strategy to adequately capture the dynamics of the
transmission and preventive measures to curb the transmission and help Nigerian health policy makers to put under
control its spread represented by parameters, Vi and V2 where A(1 — a) stands for recruited humans that receive first
dose of vaccination.
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Figure 1 Disease transmission flow diagram

Thus, the model becomes;

Where

das

E=A(1—a)—(/1+6N+K1)S+yQ,

dV1
E = alA + Kls - (/‘h/) + K2 + 6N)V1,
dv.

d_tz = azA + K2V1 - (61\] + V)Vz,

dE

dqQ
E=aE—(n+u+5N)Q.

L=koE—(W+e+ 604, (1)

dl
aZ(l—k)GE—(q+5N+61+SI)I,

M
E = (1 - T2¢)q1 - (9 + 61\] + 6M + EM)M,

dl
d_;’ =1Q + wA + T,¢q1 + OM — (y + Sy + 81y,

dR
E = EAA + EII + EMM +VIH +VV2 - 6NR

B(1-p1)(1—p2)(A-T1)(c1A+I+c2 M)
" .

a=a;+a,and 1 =

1874



World Journal of Advanced Research and Reviews, 2025, 26(03), 1871-1893

The total human population is given by:
N=S+V;+V,+E+Q+A+I+M+1Iy+R.

3. Results and discussion

Let ||. || be the maximum norm in T € R1° taking to be the banach domain for continuous functions where
[yl =x|Ivi|_.
Let

[ISI| < ko, |IVil] < ko, [IVal] < ks, [IEN| < ko, [1Q1] < ks, 1A < ko, |111] < ks, [IMI| < kg, |14]] < ko, [IRI| < Ky and O

.....

From the system (1), we will have that for any S; and S, € T, then

|1 (&, S1) = (&SI = |IAQ — a) = (A + 8y + k1)S: +uQ + R — (A(1 — ) — (A + 8y + K1)S; + uQ + 7R)||
= ||(/1+6N + K1)(S; _Sz)” < (A+ 6y +K1)||51 _Sz||

< wy|[$; — Sl

The Lipschitz continuity in S is established with w; as the Lipschitz constant. Similarly, we can establish the Lipschitz
continuity in other state variables as follows;

||f(t' Vi) — f(t, V12)|| = lasA+ 1S — (A + K; + S3)Vig — (@A + 1S — (AP + K5 + S Vi)
= ||(/11/) + 15+ 8y)(Vig — V12)|| < W+, + 5N)||V11 - V12|| < wyllViy — Vazll

||f(t: Vo) — f(t, V22)|| = |lazA + Kk,Vy — (O +VvIVay — (@A + K,V — (O + VIV )N = ||(5N +v)(Vyy — V22)||
< (6y +V)||V21 - V22|| S wi[Vay = Vaull .

If (6 E) = £ (& EDI| = 1IACS + V1) — (@ + 0 + 8y)Ey — (A(S + V) —
(a+0+8)E) = ll(@+ 0+ 6y)(E — E)Il < (a + 0 + 8y)IE; — Byl
< w,||E; — E5l.
|If (£, Q) = f(t, Q)| = laE — (n + p + 63) Qs — (@E — (n + i+ 5p) Q)|
=+ 1+ 8y Q= QDI < (1 + p+ 511(Q1 = QI < wsll(Qy = Q.
|If (£, A1) = f(t, 4| = lIkOE — (@ + €4 + 8y)A; — (kOE — (@ + &4 + 5y A
= (@ + &4 + 6x)(A; — Al < (@ + &4 + 5 II(A1 — A1 < wisll(Ay = AR)II.

||f(t, L) —f(, Iz)|| = ”(1 —k)oE —(q+ 6y + 6+ &)l — (1 —k)oE — (q + 6y + 6, + 51)12)”
=I(q+6y+6 +e)Uy — R < (g + 6y + 6 + ey — R < wy Uy — D).

||f(t:M1) _f(t:Mz)” = || = 12¢)ql — (6 + 6y + 6y + ey)M; — (1 — 12)q!
—(6 + 6y + Oy + ep)My|| = |1(0 + 6y + Oy + ) (My — M)
< (0 + 60y + 6y + e)lIMy — My|| < wg||M; — M,

||f(t'11~11) _f(t.lyz)” = [InQ + wA + 12¢ql + OM — (y + 6y + 6y — (NQ + WA
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+72¢q] + OM — (v + Sy + 81|l = (¥ + Sy + 8u) Un1 — Lu)l
< (v + 0y + 8y — In2ll < wolllyy — lua |l
[If (&, R) — f(&, R)I| = llead + &1 + ey M + yIy + vV, — (8y + TRy — (644 + &1
+eyM + vy + vV, — (6y + MR)|| = 16y + 1) (R — Rl < (6y + MRy — Rall
wiollRy — R |l
Where

W1=/1+5N+K1,W2=/11/)+K2+5N,W3=5N+V,W4=0!+J+5N,W5=T]+,u+6N,W6=a)+SA+5N,W7=q+
6N+6I+SI'W8=6+6N+6M+€M'W9=y+5N+6H'W10:6N+T['

Lipschitz continuity has been established for all the state solutions. Also, all the w;s are guaranteed to be less than one
since they represent fractional outflow from the compartments and their sum must be less than one [1, 3,24]. Hence, by
Banach fixed point theorem, the solution to the system exists and is unique.

3.1. Disease-Free Equilibrium of The System

The disease-free equilibrium of the model system is the steady state solution to (1) when there is no covid-19 infection
in the population. That is, it is the solutionto (1) when E =Q =A=1=M =13 =0 [4,5, 6, 8,9, 32,40]. Let the disease-
free equilibrium be denoted £°, then £, has the form £° = (S° VP V2, E® Q° A% 1% MO I3, R . The nonzero
components S°, Vlo, Vz0 and R° of €, are calculated as follows:

0 _ A(1-a)
k1+6N ’

AMl—a)— A+ k +6)S°+uQ°=0 =

a1 A+k1S®  a A(k1+8N)+kiA(1—a)

0 _ 0 _ 0 _
a A+ kS AW +k, +6)VP =0 = vy = oton . Gyt i) (ot
0 _ 0 _ 0o_ _ @’ _ i —
aE° —(n+u+46y)Q°=0 = Q° = o 0 since E = 0.
0
€aA® + €,1° + ey MO +yI§ + vV — SyR® = 0 > RO=Z2
N

_ vaA(ky+8N) (k1 +6N)+vkaaiA(k1+ON)+VE1 ko A(1-a)

= RO
Sn(k1+8N) (k2 +S6N)(V+EN)

We have €0 = (S°, V2, V2, E°, Q°, 4%, 1°, M°, I3, R®) = (S°,V2,V2,0,0,0,0,0,0, R®) where,

_A1l-a)

SO=""

VO — VO — azA(kZ + 6N)(k1 + 61\]) + k2a1 /\ (k1 + 5N) + klkZ /\ (1 - a)
! ? (k1 + 8n) (kz + 63 (v + 6n)

_ vayA(ky + 8y)(ky + 8y) + vikyay A (ky + 8y) + vk, A (1 —a) (3)
Sy (ky + 83 (ky + Sy) (v + 8y)

RO

The disease-free equilibrium is useful in determining the basic reproduction number of the disease.

3.2. The Basic Reproduction Number

The relevant equations in the calculation of the NGM are the subsystem for the compartments where there can be
disease infections. Therefore, the subsystem for the calculation of the basic reproduction number is therefore

L= MS+YV) — (a+ 0+ 8y)E,
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aQ

& = koE — (@ + €4+ 6p)A, .oa(4)

L= (1-K)0E — (g + 8 + ¢ + 8y,

da
d_IZ= (1_T2¢)q1_ (6+EM +6M +6N)M,

d;—f= NQ + wA + t,¢ql + OM — (y + &y + Sy) 1.

Therefore, from the subsystem, we have that

BA—=p)A=p)A—1)(c1A+ T+ M)(S + l/)V1)w

N
0
Fi(x) = 0
0
0
0
and
(a+0+6y)E
—aE+(m+u+6y)Q
—koE + (w+ €4+ 6y)A
Vi(x)= ( A N)

—1nQ — wA —1,q] —OM + (y + 6y + )iy

Hence, the matrices F and V are given by

/0 0O 0 0 O 0\\
F_l00 0 0 00
00 0 0 0 O
00 0 0 0 O
0 0 0 0 0 O
Where
F, = 015(1—91)$;P2)(1—T1) (50 + l/JVO), F, = ﬁ(l—Pl)(jv—Opz)(l—H) (SO + IIJVO),
Fy = CZB(l_pl)So_pZ)(l_Tl) (50 + I,DVO), with N© = %
and
a+a+ 8y 0 0 0 0 0
—-a n+u+dy 0 0 0 0 \
V= | —ko 0 W+ €y + 6y 0 0 0 |
0 -1 —w —T,0q -6 Y+ 6y + 6y

The inverse of the matrix, V is nonnegative and is given by
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B_1 0 0 0 0 0
o 1
BLE. B_s 0 0 0 0
ko 0 i 0 0 0
_— B,B, B,
w 0 0 i 0 0
B;Bs By
A-0-udos A-npe 1,
B1B3B, B3B, B,
B n Y T,¢qB, + 6(1 — 12¢)q 0 i
! BsBs B;Bs B3B,Bg B4Bs Bs

WheTeBl= a+o—+5NJB2=w+EA+6N!BS=q+61+€1+6NIB4-=9+EM+5M+5N!BS=TI+#+6N' B6=y+
Sy + 6y and

_ T](XBZB3B4 + wkUB3B4B5 + 323435(1 - k)O—T2¢q + 93235(1 - k)(1 - T2¢)0q
T B1B,B;B,Bs5Bs '

Then, the next-generation matrix (NGM) becomes

Fiko | F(1-k)o + F(1-k)(1-12¢)aq 0 P FE | FBA-1¢)q F 0
BB, B1Bs B1B3B, B, Bs BB, By
0 0 0 0 0 0
FV-t = 0 0 0 0 0 0/...(6)
0 0 0 0 0 0
\ 0 0 0 0 0 0/
0 0 0 0 0 0

The eigenvalues of the matrix FV ! are (0,0,0,0,0, Fiko | BU-K)g F3(1_k)(1_rz¢)aq).
B1B, B1B3 B1B3B4
The only non-zero eigenvalue of the next generation matrix,

Fiko + F,(1-k)o | F3(1-k)(1-12¢)aq
B1B; B1B3 B1B3By )

FV1lis

Therefore, the control reproduction number of COVID-19 in this model is therefore given by

_ Fiko | F,(1-k)o | F3(1-k)(1-1¢)0q
"~ BB B1B3 B1B3By

Re
This can be rewritten as
R.=RE+RL+RY ... (8)
where

RA = ¢, f(1 = p)(1 = p)(1 —7)(S° +PV)ka
€ NOo(a+ o+ 6y)(w + €4 + by)

]

_ B —p)(1 —p)(A —7)(S° + V)1 — k)o
- NO(a+ 0o+ 38y)(q+ 6 +¢€ +6y)

Re

)

RM — (1= p)(1 = p)(A —7)(S° +YPV)A — k)(A — 1,9)0q
T Na+o+68y)(q+ 8 +e 4640+ €yt Sy +Sy)

e (9)
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R as calculated, is the average number of persons that can be infected with COVID-19 by index case of the disease
throughout his infectious lifetime when placed in a purely susceptible population with vaccination. The reproduction
number R, must be reduced below one in order to ensure that the disease dies out. In this case, we musthave 1 > R, <
Ry, where R is the basic reproduction number of COVID-19.

3.3. Global Stability of the Disease-free equilibrium for the covid-19 model

We shall use the method described in [16], to investigate the global asymptotic stability of the disease-free equilibrium
point. Hence, we have the system written as

d

L= F(Xy,X;) o (10)
dX,

W = G(XLXZ)’G(XL 0)

The two conditions (C1) and (C2) listed below must be satisfied to guarantee global asymptotic stability of £ when
R, <1.[11,18,19,20, 21]

dx,
dt

(C1): For— = F(X;,0), €% is globally asymptotically stable

(C2): G(X,,X,) can be written as G(X;,X,) = BX, — G(X;,X,),G(X1,X,) =0 where B is the Jacobian matrix of
G (X, X;), evaluated at £°. If the model system satisfies the above two conditions, then the following theorem holds:

[16]. The disease-free equilibrium point €° = (80, 5) is globally asymptotically stable provided R. <1 and the
conditions (C1) and (C2) are satisfied.

Following the method described above, the system % = F(X,, 0) at the disease-free equilibrium is given by

2 = A1 —a) = (ks + 6)S,

% = alA + kls - (kz + SN)Vlﬁ
av,
I = azA + k2V1 - (V + 6N)V2' T (11)
dR
E = VVZ - SNR,

with the disease-free equilibrium €2 = (5°,V, V2, R®). On the other hand, the subsystem for

the infected individuals become

L= MS+YV) — (a+ 0+ 8y)E,
2= aF — (+ 1+ 50)0Q,
dA

- = koE — (w+ e+ 64, ........ (12)

2= (1—k)oE — (q+ 8 + € + 6],

da
= (1 —1,0)ql — (6 + €y + Sy + 5)M,

ZH = 1Q + WA + o091 + OM — (v + 8 + 6,1y,

The system (11) can be rearranged to get
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S+ U +8y)S = A1 — ),

avy

dt + (kz + 6N)V1 = alA + k]_S,

v,
dt

+ (V + SN)VZ = azA + k2V1P ...... (13)
dR
E + 5NR = VVz,

which can be solved by use of integrating factor to get

A1-a) aiA

_ _ k ~
S(t) = m"‘Ale dzt, Vl(t) = Koty +A2€ azt +a3+’4alze ast
V() = aA(ky + 6y) + kyay A + Aje-at 4 ﬂe_%t kik,Aq eyt
(kZ +8N)(V+6N) a4_a3 (a3 _az)(a4_a2)
R(D) = va,A(k, + 6y) (ky + 8y) + vkyaq A (ky + 6y) + vk, A(1—a) 4 deone
Sy (ky + 6n) (ky + Sy) (v + 8y)
N vk kA, ezt 4 v k,A, p-ast 4 VA, J
(@ - a)(@ - @)@~ ) (G- a)@-a) Gy a)

where 4;,i = 1,2,3,4are constantsand ay, =n+ u+ 6y, a, =k + 8y, a3 =k, + Sy, a0, =v + 8y, a5 =y + 6y + 6y. As
t > oo, (S, V1(D), V2 (1), R(®)) = (5% VP, V2, R?). Hence, €] is globally asymptotically stable. For the second condition
(C2), the Jacobian matrix B issameas F — V, X, = (E,Q,A, I, M, I;)T,

AS +yYV,) — OLE

aE - CDsQ
koE — ®gA
Gy Xz) = (1 = k)oE — ®,1
(1 —1,¢)ql — PgM
nQ + wA + t,¢ql + M — Dyly
and
_(D4 0 Fl F2 F3 0
a —dg 0 0 0 0
B ko 0 —d4 0 0 0
| A-ko 0 0 —-o, 0 0
0 0 0 (1—1,0)q —Pg 0
0 n w T,¢q 0 )
Hence,
5(X1,X2) = BX, — G(leXZ)
_CD4_ 0 Fl F2 F3 0 E A(S + 1/)V1) - CD4_E
a —dg 0 0 0 0 Q aE — &0
_ ko 0 —dg 0 0 0 A koE — ® A
1=k 0 0 -0, 0 0 I (1 - k)oE — &,
0 0 0 (-1,0)q —®5 0 / \M (1 - 1,0)ql — DgM
0 Ui w T,¢q 0 —®,/ My nQ + wA + t,¢ql + OM — Oyl
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—OLE + F A+ Fl + F3 — A(S + V) + OLE
aE — ®5Q — aF + P50
_ koE — ®gA — koE + PgA
B (1—-k)oE — ;1 — (1 — k)oE + &1
(1 —129)ql — PgM — (1 — 1,¢)ql + PgM
nQ + wA + 1,09l + OM — Ogly — 1Q — WA — 1,091 — OM + Dyly

SO s (V0o
B —p)(A—p)(A—71)(c;A+ 1+ c;M) W—N‘Hl’(m_N)

S OO oo

\ J

Since from (10), N°® > S° N >SN > N°S <S°N° >V, N >V, V; <V, we have that G(X;,X,) = 0. Hence, the
second condition (C2) is satisfied. Therefore, the disease-free equilibrium is globally asymptotically stable. The global
asymptotical stability of the disease-free equilibrium shows that in the system, covid-19 will persist in the system at a
stable rate and keeping the control reproduction number less than one is enough to eradicate the disease from the
system.

3.4. Approximate Analytical Solution for the covid-19 model

3.4.1. Differential Transform Method

The differential transform method (DTM) is a semi-analytical method for obtaining approximate solutions of both linear
and non-linear equations. The method was used to solve linear and nonlinear initial value problems in electrical circuit
analysis by [41°,50, 52]. It was also used to solve linear and nonlinear Ordinary differential equations (ODEs) by [6]. The
differential transform of a function f (x) is defined as follows by [51].

F(k) =~ [m ............ (14)

kil axk lge—oy

where f(x) is the original function and F (k) is the transformed function. The differential inverse transform of F (k) is
given by

y(x) = B F(R)xk, ... (15)
Substituting (14) into (15) gives
_ v x[d¥re)
fO =S g [T e (16)

Equation (16) shows that differential transform derived its concept from Taylor series expansion. The standard
operations by differential transform method as given by [6, 51, 53] are listed in Table 2 below.

1881



World Journal of Advanced Research and Reviews, 2025, 26(03), 1871-1893

Table 2 Standard Operations of DTM

Original function |Transformed function

f(x) =g(x) £ h(x) F=G(k) £ H(k)
f(x) =ag(x) F = aG(k)
d =
f) = izix) F(k) = (k +1)G(k + 1)
d?g(x) F(k) = (k+1)(k+2)G(k +2)
f(x) = Iz
FQ) = dzz;x) Fk)=(k+1Dk+2)(k+m)Gk+m)
fx)=1 F(k) = &(k)
flx) =x F(k) =6(k—1)
flx) =x™ S(k—m) =1,ifk=m

Yl = {S(k— 1) =0ifk# m

£() = geh()
V()= ) Hm)g(k - m)
m=0

— ,Ax k
fx)=e veo :%
f(x):(Hx)m Y(k)=m(m—1).l.€.!m_k+1

Using the DTM method described and initial data from Table 2, we will proceed to obtain the approximate analytical
solution for the model (1).

Table 3 Parameters Values and Sources used in model

Parameters | Values Source
A 100 Assumed
a 0.2 Assumed
a, 0.125 Assumed
a, 0.075 Assumed
Oy 0.00004 [23]
o 0.015 [26]
Oum 0.21 [10]
u 0.025 [10]

0.1429 (Estimated[10]
0.4 (Fitted) [10]

&4 0.1429 [16, 44, 50]
& 0.1429 [17,44,50]
&M 0.1429 [44,50]
v 0.005 Assumed
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Kq 0.1582 [43]
Ky 0.05 Assumed
0.05 Assumed
o 0.1923 [33]
4 0.0667 [31]
k 0.5 [31]
n 0.514 (Fitted)[10]
1) 2.2719 x 10711 | (Fitted)[10]
q 0.04 (Fitted) [10]
(31 0.2 [39]
T, 0.0135 [39]
0.01 [10]
0 0.164 (Fitted)[10]
P1 0.1 World Bank (2021)
o 0.2 [39]
cq 0.5 [31]
Cy 0.4341 [10]

From the standard operations of DTM in Table 2, we will have

k

k k
(k + 1DSED = AL —a) — 2, [cl z At Z [0 4 ¢, Z M<k—m>l sm
m=0

m=0 m=0

—(6y + K1)S* + uQk,

k k k
(k + 1)‘/1(k+1) = alA + Klsk - Alll} |C1 z A(k_m) + Z I(k—l’l’l) + Cz z M(k_m) Vlm - (Kz + 6N)V1k,

m=0 m=0 m=0

(k + 1)‘/2(k+1) = azA + Klek - (51\] + V)Vzk,

k
Sm
=0

k k
(k + DEF = 4, Iq Z Alem) 4 Z 14&m 4 ¢, Z M=m
m=0 m=0 m

k k

k
a Z Alem) 4 Z 1M 4 ¢, Z M k=m

m=0 m=0 m=0

+}{11l) Vlm - ((X + o + SN)Ek,

(k + QWD = aE* — ( + pu + 6y)Q%,
(k + DA®HD = koEX — (w + €4 + 6y) AK,
(k + DI®D = (1 — k)gE* — (q + 6y + 6; + £)I¥,

(k+ DMED = (1 —1,¢)qI* — (8 + Sy + 8y + £4) MK,
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(k + DIS™HY = nQ* + wA* + 1,01 + OM* — (v + 8y + 8,1,

(k + DRE*D = g, Ak + /1% + g, M* + yIE + vV} — 5yR¥,

_ BA=p1)(-pzx)(1-71)
where 2§ = e

Making the state variables subject of the formula, we get

K k k
Sk+1) — D A1l —a)—2¥|c, Z A%k-m) Z [Gm) 4 o) Z M(k—m)l Sml
m=0 m=0 m=0
1
“%TD [(By + 11)S* + uQ"],
D — g A+ 1, S = 25 [y Z Al 4 z 1™+ ¢, z mem = e + 80V,
k+1)
1
A L R R
K k k
Elk+D) — o Z Aem) Z 1km 4 ¢, Z M(k_m)l s™
(k+1) — m=o m=0
(k+1) ll’[cle(k ™+ Zl(k mte ZM(k V| @ ok o,
(k+1) _ Ek — Sy)QFk
0 (k+1)[a (n + 1+ 6y)Q%],
1
A(k+1) = m [kO-Ek - ((U + &g + SN)AR]'
1
JUeD) = TEEY [(1 = k)OE* — (q + 6y + &, + e)I¥],
(et1) _ [NQ* + wAK + 7,q1* + OM* — (y + 8y + 8,)IE],
k+1)
RKk+1) — T [eaAF + 1% + £, M* + yIk + vVE — 5y R¥],

2 =

When k = 0,m = 0, we have
0=S+W + VP +E°+Q° +A°+1° + M° + I} + R°
= 206,000,000 + 15,000 + 5000 + 200,000 + 7,000 + 30,000
+150,000 + 50,000 + 1719 + 164,415 = 206,623,134.

BL—p)(1—p)A—1) 04(1-01)(1-02)(1—-02) 04(0.9)0.8(0.8) 02304

= = = =1.1x107°
NO 206,623,134 206,623,134 206,623,134 0
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Therefore, the numerical solutions of each state variable will be given by;
S1=A1—-a) — 29[c;A° + 1° + c,M°]S° — (6 + 11)S° + uQ°
=100(1 —0.2) — (1.1 x 107)[0.5(30000) + 150000 + 0.4341(50000)]206000000
—(0.00004 + 0.1582)206000000 + 0.025(7000)
=80+ 175 — (1.1 x 107?)[15000 + 150000 + 21705]206000000 — 32597440
= 255 —42307.353 — 32597440 = —32,639,492.353.

Ve = A+ 1,50 — 229 [, A° + 10 + ¢, MOIVP — (i, + 8y)V? = 32,588,461.746.

Vi = aA+ k,VP2 — (6y +v)VP = 732.3.
EY = 20[c;A° + 1% + ¢, MO]SO + 29[, A° + 10 + ¢, MOIV? — (a + 0 + 8y)E® = —24,740.493.
Q' =aE®— (n+p+ 8y)Q° = 24,806.72.
A = koE® — (w + g4 + 6y)A° = 14,941.80
I'=(1—-k)oE®— (q+ 6y + 6, +&)I° = 10461.
MY = (1 —1,¢)qI° — (6 + 6y + 8y + £4)M® = —19847.81.
IH =nQ° + wA® + 1,¢qI° + OM° — (y + 8y + 85I = 11,658.2989.
R' = g4A° + £1° + gy M° + yI% + vV — 64yR°33,000.0807.
Thus, after the first iteration, the values of the state variables become;
S* =33,000.0807.

For the second iteration, when k =1,m =0,1, we have N1 =S*+ V1 + V} + E1+ Q'+ A'+ ' + M  + I} + R =
—20,809.193.

B —p)(L—p)(1—7) _ 0.4(1—-01)(1~0.2)(1~0.2) _ 0.4(0.9)0.8(0.8)

/11 — =
! NO —20,809.193 —20,940.7104

02304
T —20,940.7104

=—1.1002 x 107°.
Thus, after the second iteration, the values of the state variables become;
S§? =—-1,421.9987.
For the second iteration, when k = 2, m = 0,1,2, we have
N2=S?2+V2+VZ+E?>+Q%+A%+1?>+M?+1%+ R? =3,352,047.8665.

Thus, after the third iteration, the values of the state variables become;

§% =-2,811,207.2036, V3 = 38,303.0752, V;; = —38,073.7983, E3 = —4,814,131.851, Q3 = 2,141,850.5735, A3 =
1,442,269.7586, 12 = 1,442,922.3264, M® = 15.2476, I3 = 1,326.5180, R® = 411.7099.
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Thus, the solution of the system given the initial values of the state variables and the parameters is; S(t) =
206,000,000 — 32,639,492.353t + 49,257,668.6891t% — 2,811,207.2036t3

Vi (t) = 15,000 + 32,588,461.746t — 2,202,454.7803t2 + 38,303.0752¢3
V,(t) = 5000 + 732.3t + 814,713.4483t? — 38,073.7983t3
E(t) = 200,000 — 24,740.493t + 44,997,260.7246t> — 4,814,131.851¢t3
Q(t) = 7,000 + 24,806.72t + 8,453.6154t2 + 2,141,850.5735¢3
A(t) = 30,000 + 14,941.80t — 2,257.2897t2% + 1,442,269.7586t3
1(t) = 150,000 — 10461t — 154.0741t? + 1,442,922.3264t3
M(t) = 50,000 — 19,847.81t — 100.4083t2 + 15.2476t3
Iy(t) = 1719 + 11,658.2989¢ + 4,271.3037t2 + 1,326.5180¢3

R(t) = 164,415 + 33,000.0807t — 1,421.9987t + 411.7099¢3

3.4.2. Comparison of the DTM solutions with RK-4 solutions

The solutions obtained by the differential transform method (DTM) is compared with the solutions obtained by Runge-
Kutta method of order 4 (RK-4) to check if the DTM solutions is consistent and convergent. The comparison is shown in
Figures 2 - 9. The plots showed that both solutions are relatively comparable within some time interval. Though both
the differential transform method and Runge-Kutta methods are approximation methods, the DTM is a semi-analytical

method while the Runge-Kutta methods are numerical techniques
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3.5. Sensitivity Analysis of the Parameters in the Control Reproduction Number

We use forward normalized sensitivity index method to measure the relative change in R, to the relative change in the
model parameter, x[14, 23,29]. This is defined as

R 0R. x

Table 4 Sensitivity indices of parameters contained in the reproduction number

Parameter | Sensitivity Index | Parameter | Sensitivity Index
c +0.1445 w -2.2955x 10711
cy +0.0209 €x -2.2955x 10711

+1 q -0.7111
k +0.7111 8, -0.0648
o +0.4264 € -0.6176
a, +0.1058 0 -0.0069
Y +0.1198 Oum -0.0088
¢ 0 €m -0.0052
P1 -0.1111 T, -0.0083
o -0.25 kq -0.8780
Ty -0.25 k, -0.1197
a -0.4263

The result of the sensitivity analysis shows that the parameters with positive sensitivity indices are S, ¢y, ¢, k, g, and
a, These parameters with positive sensitivity indices are the parameters whose values must be reduced in order to stop
the spread of corona virus disease.

The parameter with the highest sensitivity index is f, the effective contact rate between the susceptible class and the
infectious classes. The sensitivity index shows that a reduction in the contact rate will lower the spread of the disease.
This aligns with the use of the control measures represented by the parameters, p;, p, and t;. These parameters aim to
reduce the rate of contact between the susceptible class and the infectious classes namely, 4, I, and M. The negative sign
of the sensitivity indices of these parameters is an indication that the spread of the disease can be reduced by increasing
the value of these parameters. The importance of first dose of vaccination is seen in the sensitivity index with respect
to the parameter, a,, which represents the proportion of those recruited into the susceptible class that have received
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first dose of the vaccination. The sensitivity index with respect to this parameter advises that more people recruited
into the population should receive first dose of the vaccine to help reduce the rate of infection. The parameter, o
represents the rate at which people infected with the disease becomes infectious. The positive sign of the sensitivity
index with respect to this parameter indicates the need to reduce the rate of infectiousness of those infected with the
disease. The main aim of receiving doses of corona virus disease vaccine is to reduce the probability of being infected
with the virus. The parameter which represents this probability is ¥, with sensitivity index, +0.1198. This shows that
reducing the probability of infection by increasing the efficacy of the vaccine will help reduce the rate at which people
contract the disease. The need to increase the proportion, k; of the susceptible class that receive first dose of the vaccine,
and the proportion, k, of those in V;, that receive the second dose is seen in the sensitivity indices with respect to these
parameters. Quarantining of those that are exposed to corona virus is vital in the management of the disease outbreak.
This is observed in the sensitivity index with respect to «, which indicates the need to increase the rate at which the
exposed persons are quarantined. The rates of hospitalization 1, w, g and 6 for those in the compartments Q, 4, and M,
respectively show negative sensitivity indices, which indicates that the rates at which infected persons get hospitalized
to receive appropriate treatment should be increased for effective management of the disease outbreak

4., Conclusion

This paper discusses the ongoing public health risk that the COVID-19 pandemic poses and assesses how well different
control measures with a special emphasis on vaccination, hospitalization and quarantine policies address its spread.
The study emphasizes the significance of scientifically based public health treatments, given that COVID-19 is
characterized by high transmissibility and considerable mortality, particularly among vulnerable populations. We use
a deterministic mathematical model to Obtain the disease-free equilibrium state, Compute the control reproduction
number, Obtain conditions for the local and global stability of the disease-free equilibrium state and carryout sensitivity

analysis on the control reproduction number. The study does thorough mathematical analysis using programs like
MATLAB and Maple.
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