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Abstract
Let D be a connected bounded domain in R2, S be its boundary which is closed, connected and smooth or

8§ = (—o00, 00). Let @(2) =jznl .

I

im 5
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1. Introduction
Let D be a connected bounded domain on the complex plane, S be its boundary, which is closed and C1,a-smooth, 0 < a
<1orS = (-00, o). The standard definition of the singular integral operator

nooth, D<o =1 o

A =_1 ! f(s)ds is:

in 5 s—t

We assume that f L1(S). This is the basic new assumption: in the literature it was assumed that f Hu(S), where Hu(S) is
the space of Ho'lder-continuous functions, or f Lp(S), p > 1, see [2], [4]. In [1] there is a result for f L1(S), the existence
of the limit (1) is proved, and the proof is far from simple. Our goal is to give a new definition of the operator A. This
definition makes the proof of the existence of Af for f L1(S) very simple. It is also of great interest to have a proof of the
Sokhotsky formulas for f L1(S), see also [6].

Definition 1
(Af, @) =(f, Ap) Ve € HU(S),0<p<l.inene (2)

Here (Af, @) =1

* Corresponding author: Samrat Ray

Copyright © 2023 Author(s) retain the copyright of this article. This article is published under the terms of the Creative Commons Attribution Liscense 4.0.


http://creativecommons.org/licenses/by/4.0/deed.en_US
https://wjarr.com/
https://doi.org/10.30574/wjarr.2023.19.1.1444
https://crossmark.crossref.org/dialog/?doi=10.30574/wjarr.2023.19.1.1444&domain=pdf

World Journal of Advanced Research and Reviews, 2023, 19(01), 1414-1420

Lemma 1

Formula (2) defines f € L1(S) uniquely.

Proof. Suppose that f1, f2 € L1(S) satisfy (2). Then q := f1 - f2 satisfies the relation

(9, Ap) = 0 for all @ € Hu(S). It is known [2] that the set Ap|V@€EHP(S) = Hu(S) if 0 < p < 1.

Therefore, q € L1(S) is orthogonal to the set Hu(S) dense in L1(S). Consequently, q = 0 and

f1 =f2. Lemma 1 is proved. Q

Let us check that the right side of formula (2) makes sense. This mathematical expression can be written as

dsdtf (s)@(t) 1. The integrand here is absolutely integrable over S S. Therefore, the order of integration can be
changed and formula (2) makes sense.

There are other advantages of Definition 1. For example, it is easy to prove that the operator A is closed.

Lemma 2

The operator A in L1(S) is closed.

Proof. One has to prove that the graph f, Afis a closed set in L1(S) L1(S). Let fn f and Afn h, convergence in L1(S). Then,
by Definition 1, (fn, A@) (f, Ap) = (Af, @) and (Afn, @) (h, ¢). Therefore, (Af h, @) = 0 @ Hu(S). Since Hu(S) is dense in
L1(S), it follows that Af = h. Thus, A is closed. Q

However, A is not continuous in L1(S).

Example 1
Let us shfow that there is an f € L1(S) such that Af €/ L1(S).

known formula, see [3]: F(s1) = imsgn(§), where sgn(§) = 1if§ > 0, sgn(§) = -1 if § < 0, sgn(0) = 0. The Fourier transform
of f € L1(S) is a continuous uniformly bounded function. Therefore, f'sgn(&) is not, in general, a continuous function at §
= 0. Thus, if f'|§=0 /= 0, then the function Af €/ L1(S).

2. Other results

e Consider the equation Af = h, h L1(S). From Example 1 it follows that a necessary and sufficient condition for
the sovability of this equation in L1(S) is the condition h™ = 0. If this equation is solvable, then its solution is
unique. Indeed, if f1 and f2 are solutions, then q = f1 - f2 solves the equation Aq = 0. Taking its Fourier transform
leads to the relation q"sgn(§) = 0. Therefore, "= 0 for § /= 0. Since q € L1(S), it follows that "= 0 so q = 0 and
f1=f2. Q

e Letus prove the generalization of the Sokhotsky-Plemelj formulas to the case when

£ls)as a
f €LY5). Let ®(2) =_Lm-'j s 5=z fhen
I _ [
@(z) = flt)v(z) + Plz), lz) :=c¢ {E]—ﬂﬂd& teS wviz):=c & » (3)
s S5—12 s8—12
and
1, zZeD,
v(z) = :'1'.5_%‘ zES, (4)
0. .zl
One has
(D-"(ﬂ = |im m[z} = 'f{t:] + q‘,.l"'{t] (5]
i=tzsl
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Ozft) = lim = (-
lm o) =y ©
If t €5, then one gets (see equation (4), the line z € §) ;
o 1y 1) 1=, m
2 2 i

The Y(t) is the value of Yi(z) at z = t. The Y(t) and P(t) are understood as in Definition 1

If some equation holds almost everywhere with respect to the Lebesgue measure on S, then we write that this equation
holds a.e.

From formulas (3)-(6) one derives:
D+(t) - D—(t) = £ (1) + Y+(t) - Y=(t) ae, D+(t) + D=(t) = £ (£) + Y+ (1) + Y=(t) 3.€ crcrecrecccen (8)
In Lemma 3 we prove that yi+(t) = Y~ (t) = Y(t) a.e. Therefore, formula (8) can be rewritten as:
D+(t) - D—(t) = f () a.e, D+(t) + D=(t) = (t) + 2(t) ALrrrrrrrrrmn (9)

From equation (9) it follows that

£(t) f(t)
D4(t) = D(t) + —= O-lt) =0() - —— @& (1U)
where @ (t) = Y(t). Formulas (10) are the Sokhotsky-Plemelj formulas for f L1(S).

Theorem 1

Forf L1(S) formulas (10) hold.
To finish the proof of Theorem 1 it is sufficient to prove Lemma 3.
Lemma 3. If f€ L1(S) and S is C1,a-smooth, 0 <a < 1, then
Y+(t) =P-(t) = P(t) ae.rnnnnnn(11)
Before proving Lemma 3 we prove Lemma 4.
Lemma 4

One has

1 1
hm = + Imols — ). (12)

e=0 ¢ — t + N s—1t

Proof. Formula (12) is understood according to Definition 1. Let f € L1(S), ¢ € Hyu(S), Nt be a unit normal to S directed
inside D. Then Furthermore,
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J J | [
- d
g de) —TEE— T 4y e,
s sS —t— iN:€ s ss—t—100
Further.more', '
) f | |
(s)d. ’ d x
doly LM LT gyt LB L fed Veems  3)
s ss—t—1i0 s g §=1 s
and J J | I olt)dt
dte(t) fls)ds = dsf(s) - We HH(S). (14)
s s s—t 5 ss—t

We have proved formula (12) according to Definition 1 with the minus sign. Similarly one proves this formula with the
plus sign. Lemma 4 is proved. QIn[3],p.83,thereisaformula 1 =1 +ind(x) understood in the sense of distributions.

x-i0 X
The formula in Lemma 4 is of the similar type. The Sokhotsky-Plemelj formulas (10) were

derived in [2] and [5] under the assumption that f Hu(S). Under such an assumption, these formulas hold everywhere,
not almost everywhere.

Proof of Lemma 3

By Definition 1 one has (neglecting 1 and denoting by integration

over S x S):

firme lEs) — flalett) , . _ I£1s) = FON8 oy = it = bty oo 15\
=0 s—txiN:e s—t

) I J
1= [fls) = f(t)]o(t)5(s — t)dsdt = . S[f(S) — ft)]e(t)6(s — t)dsdt = 0. (16)
For f € Hu(S) formula (16) is trivial by the standard definition of[the delta-function. For f €
for f L1(S). Lemma 3 is proved. Q
Letz  D. The following question is of interest:

When is the boundary value ®+(t) of ®(z) on S equal to fa.e.?

Equation (10)

Yields a necessary and sufficient condition for this:
O+(t) = f (1) iff ®(z) =0,z € D-and f (t) = D(t) + f(t) ,or f () =1 [ f(s)ds a.e.

If one wants to formulate a necessary and sufficient condition for f (s) € L (S) to be aboundary value of an analytic in D-
function ®(z), ®( ) = 0, then an argument, similar to the above yields the following conditions:
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11 fls)

- _ as a.e (1)
==

If equation (17) holds, then ®+(t) = 0 and, consequently, ®(z) = 0ifz € D+ =D.

Remark 1

If ® (t) =f(t) a.e, fEL(S), then Af € L (S), where Af := f(s) ds a.e. If -®—-(t) = f (t) a.e,, f € L1(S) and &(o0) = 0, then Af €
L1(Sim S s-t L1(S) ). Since for some f € one does not have ®(z) = 0, z D-, it follows that notevery f  L1(S) is a
boundary value of an analytic function in D.

3. Conclusion

A new definition of singular integral operator in L(S) is given. Sokhotsky-Plemelj formulasare derived for f
€ LY(S). Other results are obtained.
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