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Abstract 

Theoretical analysis of magnetohydrodynamic fully developed forced convective flow and heat transfer characteristics 
of a non-Newtonian electrically conducting Casson fluid through a porous channel filled with anisotropic porous 
material bounded by two impermeable horizontal walls subject to constant heat flux applied to the outer walls is 
investigated. The extended Darcy-Brinkmann model govern the flow inside the porous channel and accounts for the 
presence of the inertia term, which allows for the no-slip boundary conditions at the walls. The principal axis of 

anisotropic permeability is oriented from 𝟎 to 
𝝅

𝟐
 radians. The equations governing the system are solved using the

inbuilt “DSolve” in Mathematica 11.1 for the velocity and temperature profiles as well as the Nusselt number (𝑵𝒖), 
which characterizes the rate of heat transfer in the system. The effects of various parameters on the velocity, 
temperature and heat transfer profiles are displayed through graphs and discussed quantitatively. From the results we 
observed that the velocity profile reduced as the Casson parameter (𝛽), anisotropic ratio (𝐾𝑟), orientation angle (𝜑), 
and Hartmann number (𝐻𝑎) increased, whereas the velocity profile increased when the Darcy number (𝐷𝑎) and 
apparent viscosity (𝜆) increased. Similarly, these variables also had similar effect on the temperature profile of the fluid. 
On the other hand, the heat transfer profile, as measured by Nusselt number, increased when the Casson parameter (𝛽), 
anisotropic ratio (𝐾𝑟) and Hartmann number (𝐻𝑎) increased, while increasing the orientation angle (𝜑) and apparent 
viscosity (𝜆) decreased the Heat Transfer Profile. Upon further investigation, the heat transfer profile was shown to be 
maximum along the path of least permeability in the anisotropic porous media under investigation. 
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1. Introduction

Generally, any fluid whose viscosity changes relative to being strained by shear forces is said to be a non-Newtonian 
fluid [1]. A class on non-Newtonian fluids that is characterized by infinite viscosity at zero shear stress (a yield stress 
below which the fluid will not flow) and zero viscosity at infinite shear stress is known as Casson fluid [2]. In other 
words, Casson fluid are a class of non-Newtonian fluids that will only flow when it experiences a shear stress that is 
greater than its yield stress, otherwise it will behave like a solid [3]. Casson fluid has become quite popular amongst 
researchers in recent times as it has a wide range of application in such fields as metallurgy, drilling, food processing 
and bioengineering [4, 5]. 

Amongst the known non-Newtonian fluid models, successes in theoretical and experimental research [6, 7] have 
resulted in making the Casson fluid model, first introduced by Casson [8], well-accepted. To this effect, the flow of Casson 
fluids have been studied in different geometries by many researchers [4, 9, 10, 11, 12]. Additionally, many authors [13, 
14, 15] have characterized the flow of non-Newtonian fluids relative to certain parameters that have the tendency of 
influencing their flow pattern. 
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Of recent, magnetohydrodynamic (MHD) convection flow has become a topic of discussion amongst researches due to 
its role in industrial and technological advancements [16]. This is because in electrically conducting fluids, there is a 
reduction in fluid velocities since convective currents are overcome by the Lorentz force [17]. It therefore means that 
the introduction of an external magnetic field can come in handy in maintaining convective currents, and hence, 
maintain fluid velocity in material industry [18]. 

Hayat et. al. [19] presented findings after studying Soret and Dufour effects on the magnetohydrodynamic (MHD) flow 
of the Casson fluid over a stretched surface. They estimated numerical values of Casson parameter, Hartman number 
and Prandtl number for different values of physical parameters (velocity, temperature and concentration fields). They 
showed that the temperature, the concentration, and the boundary layer thickness decrease by increasing the Prandtl 
number. Also, increases in Casson parameter and Hartman number had a diminishing effect on velocity profile while 
enhancing the temperature and concentration profile. 

Mukhopadhyay et. al. [20] investigated the unsteady two-dimensional flow of Casson fluid over a stretching surface, 
having a prescribed temperature, relative to unsteadiness parameter (Casson parameter and Prandtl number) on 
velocity and temperature fields. They concluded that fluid velocity and temperature decrease relative to an increase in 
Prandtl number while increase in Casson parameter enhanced temperature while suppressing the velocity field. 

Shehzad et. al. [21] investigated the effect of mass transfer in the magnetohydrodynamic flow of a Casson fluid over a 
porous stretching sheet in the presence of a chemical reaction. They showed that the Casson parameter and Hartman 
number have similar effects on the velocity in a qualitative sense, with concentration profile decreasing rapidly in 
comparison to the fluid velocity when there is an increase in the values of the suction parameter. 

Ullah et. al. [22] carried out numerical analysis to investigate the effect of first order chemical reaction and thermal 
radiation on mixed convective flow of Casson fluid in the presence of magnetic field. They showed that fluid velocity 
rises with increase in radiation parameter in the case of assisting flow and is opposite in the case of opposing fluid while 
radiation parameter has no effect on fluid velocity in the forced convection. They also showed that fluid velocity and 
concentration were enhanced in the case generative chemical reaction whereas both profiles reduced in the case of 
destructive chemical reaction, with further increase in local unsteadiness parameter diminishing fluid velocity, 
temperature and concentration. 

In their work, Tamoor et. al. [16] characterized Newtonian heating in MHD flows of Casson liquid induced by a stretched 
cylinder moving with linear velocity, with dissipation and Joule heating descriptive of the heat transfer process. They 
showed that velocity and thermal fields have reverse behavior for larger Hartman number. Moreover, curvature 
parameters have similar influence on the velocity, temperature, skin friction and Nusselt number. 

Kumar et. al. [23] carried out extensive research to characterize the steady boundary layer stagnation flow of a Casson 
fluid over a stretching sheet with slips boundary conditions in the presence of viscous dissipation, Joule heating and the 
first order destructive chemical reaction. Amongst other findings, they showed that velocity, temperature and 
concentration decreased with an increase of velocity slip, thermal slip and solutal slip parameters. 

Julien et. al. [24] studied the effect of magnetic field on convection heat transfer through packed porous beds which 
consists of a horizontal fluid layer (riverbed) and a porous zone with anisotropic permeability and underlined by a 
surface heated by a constant temperature. They analytically investigated how Hartmann number and hydrodynamic 
anisotropy controls the convective process. According to them, the magnetic field, anisotropic permeability and the 
thickness of the porous lining have a strong influence on the geothermal convective flow and the heat transfer rate. 

Additionally, Anwar et. al. [25] examined the unsteady magnetohydrodynamic flow of a Casson fluid over an infinite 
vertical plate under ramped temperature and velocity conditions at the walls, incorporating thermal radiation flux and 
heat injection/suction terms in the energy equation. They showed that the magnetic field decelerates the flow, whereas 
the radiative flux leads to an upsurge in the flow. Furthermore, the shear stress is a decreasing function relative to the 
magnetic parameter. 

Motivated by past research, this research is therefore geared towards theoretically analyzing the effect of magnetic field 
and Casson parameter on fully developed forced convective flow and heat transfer characteristics of a non-Newtonian 
electrically conducting Casson fluid through a porous channel filled with anisotropic porous material. 
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2. Methodology 

The schematic diagram of the physical problem and coordinate system are shown in Figure 1. 

 

Figure 1 Schematic Diagram of the Physical Situation and Coordinate System 

We consider an incompressible electrically conducting non-Newtonian Casson fluid flowing through a porous 
rectangular channel filled with anisotropic material. The horizontal channel is bounded by two impermeable walls 

located at 𝑦∗ = ±𝐻  and are heated by a constant heat flux 𝑞 = 𝒦
𝜕𝑇∗

𝜕𝑦∗
. The flow is assumed to be steady and fully 

developed along the 𝑥∗ direction and subjected to a uniform vertical magnetic field of strength 𝐵𝑜⃗⃗⃗⃗ .  

Since the porous media is assumed to be anisotropic, the permeability 𝑘 is a second order tensor described as Degan et. 
al. [26] and Karmakar et. al. [27]; 

𝑘 = (
𝑘1 sin

2 𝜑 + 𝑘2 cos
2 𝜑 (𝑘2 − 𝑘1) sin𝜑 cos𝜑

(𝑘2 − 𝑘1) sin𝜑 cos𝜑 𝑘2 sin
2 𝜑 + 𝑘1 cos

2 𝜑
) (1) 

Where 𝑘1 and 𝑘2 are permeabilities along the two principal axes of the porous axes. The anisotropic porous media is 

characterized by the ratio 𝐾𝑟 =
𝑘1

𝑘2
  and the orientation angle 𝜑 is defined as the angle between the horizontal direction 

and the principal axis with the permeability 𝑘2. 

The rheological equation of state for an incompressible flow of Casson fluid model is defined according to [28, 29], 

𝜏𝑖𝑗 =      

(

 
 
2(𝜇𝐵 +

𝑃𝑦

√2𝜋
) 𝑒𝑖𝑗 , 𝜋 > 𝜋𝑐

2(𝜇𝐵 +
𝑃𝑦

√2𝜋𝑐
)𝑒𝑖𝑗 𝜋 < 𝜋𝑐

)

 
 

 (2) 

Where 𝑒𝑖𝑗 is the (𝑖, 𝑗)𝑡ℎ component of the deformation rate defined by, 

𝑒𝑖𝑗 =
1

2
(
𝜕𝑉𝑖
𝜕𝑥𝑗

+
𝜕𝑉𝑗

𝜕𝑥𝑖
) , 𝜋 = 𝑒𝑖𝑗𝑒𝑖𝑗 (3a) 

Also, 𝜋𝐶  is the critical value of the value of this product based on the non-Newtonian model, 𝜇𝐵 is the plastic dynamic 
viscosity of the non-Newtonian fluid 𝑃𝑦 is the yield stress of the field. When 𝜋 < 𝜋𝐶 , equation (2) can be expressed as, 

𝜏𝑖𝑗 = 𝜇𝐵 (1 +
1

𝐵
) (2𝑒𝑖𝑗) (3b) 

Where the Casson parameter, 𝛽, is defined as, 
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β =
𝜇𝐵
𝑃𝑦

 (3c) 

Under the above considerations, together with the assumption that the induced magnetic and electric fields are 
negligible on the account of very small magnetic Reynolds number, the equations governing the steady, fully developed 
forced flow of an incompressible non-Newtonian Casson fluid in an anisotropic porous medium under the influence of 
vertical magnetic field are expressed by the equations of continuity (equation (4)), momentum (equation (5a) and (5b)) 
and energy (equation (6)) [26, 27, 28, 30]. 

𝑑𝑢∗

𝑑𝑥∗
= 0 (4) 

−
𝜕𝑃∗

𝜕𝑥∗
+ 𝜇𝑒𝑓𝑓 (1 +

1

𝛽
)
𝑑2𝑢∗

𝑑𝑦∗
2 −

𝜇

𝑘1
𝑎𝑢∗ + (𝐽 × 𝐵𝑜⃗⃗⃗⃗ )𝑥 = 0  (5a) 

−
𝜕𝑝∗

𝜕𝑥∗
−
𝜇

𝑘1
𝑐𝑢∗ = 0  (5b) 

𝒦

(𝜌𝐶𝑝)𝑓

𝑑2𝑇∗

𝑑𝑦∗
2 − 𝑢

∗
𝜕𝑇∗

𝜕𝑥∗
= 0  (6) 

Where 𝑎 = sin2 𝜑 + 𝑘𝑟 cos
2𝜑, 𝑐 =

1

2
(1 − 𝑘𝑟) sin

2 𝜑. Also, 𝑢∗ = (𝑢∗(𝑦∗), 0) is the velocity component along the 𝑥∗-axis 

(since the flow is fully developed along the 𝑥∗-axis), 𝑃∗ is the pressure, 𝜇𝑒𝑓𝑓 is the effective viscosity of the fluid inside 

the porous media, 𝜇 is the dynamic viscosity, 𝛽 is the Casson parameter, 𝜌 is the density of the fluid, 𝑇∗ is temperature, 

𝐶𝑃 is the heat capacity, 𝒦 is the thermal conductivity, 𝐵𝑜⃗⃗⃗⃗  is the uniform magnetic field, 𝐽  is the current density and (𝐽 ×

𝐵𝑜⃗⃗⃗⃗ ) is the Lorentz force. 

Assuming that the velocity and temperature fields are symmetric about the centre line of the channel, only the upper 
half of the channel is taken into consideration in the analysis that follows. Therefore, the appropriate boundary 
conditions are, 

𝑑𝑢∗

𝑑𝑦∗
= 0,

𝜕𝑇∗

𝜕𝑦∗
= 0              𝑜𝑛 𝑦∗ = 0 (7) 

𝑢∗ = 0,
𝜕𝑇∗

𝜕𝑦∗
=
𝑞𝑤
𝒦
                𝑜𝑛 𝑦∗ = 𝐻∗  (8) 

The Lorentz force (𝐽 × 𝐵𝑜⃗⃗⃗⃗ )𝑥 given in equation (5a) is such that, 

𝐽 = 𝜎𝐶(𝐸⃗ + 𝑢
∗𝐵𝑜) (9a) 

Now assuming that 𝐸⃗ = (0,0, 𝐸𝑧), then, 

𝐽 𝑧 = 𝜎𝐶(𝐸⃗ + 𝑢
∗𝐵𝑜)𝑧 (9b) 

For the steady flow fully developed Maxwell’s equation ∇⃗⃗ × 𝐸⃗ = 0, implying that 𝐸𝑧 = 0 and equation (9b) reduces to, 

𝐽 𝑧 = 𝜎𝐶𝑢
∗𝐵𝑜 (9c) 

Hence, 

𝐽 × 𝐵𝑜⃗⃗⃗⃗ = (𝐽 × 𝐵𝑜⃗⃗⃗⃗ ) × 𝐵𝑜⃗⃗⃗⃗ = −𝜎𝐶𝑢
∗𝐵𝑜
2 (9d) 

Differentiating equations (5a) and (5b) partially with respect to 𝑥∗, using equation (4), yields, 
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𝜕

𝜕𝑥∗
(
𝜕𝑃∗

𝜕𝑥∗
) = 0 (10a) 

𝜕

𝜕𝑥∗
(
𝜕𝑃∗

𝜕𝑦∗
) = 0 (10b) 

According to Karmakar et. al. [27] and Nield et. al. [31], from equations (10a) and (10b), it follows that, 

𝜕𝑃∗

𝜕𝑥∗
= 𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡 = −𝐺 (10c) 

Using equations (9d) and (10c), the momentum equation can be rewritten as, 

𝐺 + 𝜇𝑒𝑓𝑓 (1 +
1

𝛽
)
𝑑2𝑢∗

𝑑𝑦∗
2 −

𝜇

𝑘1
𝑎𝑢∗ − 𝜎𝐶𝑢

∗𝐵𝑜
2 = 0  (11) 

2.1. Non-Dimensionalisation of the Governing Equations 

We define the following non-dimensional variables to obtain the dimensionless form of equation (11), 

𝑦 =
𝑦∗

𝐻
, 𝑢 =

𝜇𝑢∗

𝐺𝐻2
 (12) 

By applying equation (12) to equations (6), (7), (8) and (11) 

𝑀
𝑑2𝑢

𝑑𝑦2
−𝑀1

2𝑢 + 1 = 0 (13) 

𝑢(1) = 0,
𝑑𝑢(0)

𝑑𝑦
= 0 (14) 

where, 

𝑀 = 𝜆 (1 +
1

𝛽
) ,   𝑀1 = (

𝑎

𝐷𝑎
+ 𝐻𝑎2) 

 

𝐷𝑎 =
𝑘1
𝐻2

  

𝐻𝑎 = 𝐻𝐵𝑜√
𝜎𝑐
𝜇

  

𝜆 =
𝜇𝑒𝑓𝑓

𝜇
  

From the above, 𝐷𝑎  is Darcy number, 𝐻𝑎  is Hartmann number and 𝜆  is apparent viscosity. Since the flow is fully 
developed with constant heat flux at wall 𝑦 = 1, and by the first law of thermodynamics [27, 31, 32], 

𝑑𝑇𝑚
∗

𝑑𝑥∗
=

1

(𝜌𝐶𝑃)𝑓

𝑞𝑚
𝐻𝑢𝑚

∗
  (15) 

Where 𝑢𝑚
∗  and 𝑇𝑚

∗  are respectively the bulk velocity and bulk temperature, defined as, 

𝑢𝑚
∗ =

1

𝐻
∫ 𝑢∗ 𝑑𝑦∗
𝐻

0

 (16a) 

𝑇𝑚
∗ =

1

𝐻𝑢𝑚
∗
∫ 𝑢∗𝑇∗ 𝑑𝑦∗
𝐻

0

 (16b) 

Hence, the corresponding dimensionless bulk velocity is, 
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𝑢𝑚 = ∫ 𝑢 𝑑𝑦
1

0

 (17) 

Using equation (15) in equation (11), 
𝑢∗

𝑢𝑚
∗
=
𝒦𝐻

𝑞𝑤

𝑑2𝑇∗

𝑑𝑦∗
2  (18) 

In dimensionless form, equation (18) reduces to, 

𝑑2𝜃

𝑑𝑦2
+
1

2
𝑁𝑢 𝑈 = 0 (19) 

Subject to, 

𝜃(1) = 0,
𝑑𝜃(0)

𝑑𝑦
= 0 (20) 

Where we have used the following non-dimensionless variables, 

𝑈 =
𝑢

𝑢𝑚
, 𝜃 =

𝑇∗ − 𝑇𝑤
𝑇𝑚 − 𝑇𝑤

,      𝑁𝑢 =
2𝐻𝑞𝑤

𝒦(𝑇∗ − 𝑇𝑢
∗)

 (21) 

 Here, 𝑁𝑢 is the Nusselt number which characterizes the heat transfer between the wall and the porous media. 

2.2. Solution to the Problem 

Solving equation (13) subject to conditions presented in equation (14) yields the velocity profile of the system as, 

𝑢(𝑦) =
cosh(𝛾) − cosh (𝛾𝑦)

𝑀1
2 cosh(𝛾)

,   𝛾 =
𝑀1

√𝑀
 (22) 

Using equation (22) in equation (17), the dimensionless bulk velocity becomes, 

𝑢𝑚 = ∫ 𝑢 𝑑𝑦
1

0

=
𝑀1 − √𝑀 tanh(𝛾)

𝑀1
3  (23) 

And, 

𝑈(𝑦) =
[1 − cosh(𝛾𝑦) sech(𝛾)]𝑀1

𝑀1 − √𝑀 tanh(𝛾)
,   𝑈(𝑦) =

𝑢(𝑦)

𝑢𝑚
 (24) 

Using equation (24) into (19) and solving with the help of conditions in equation (20), the result yields the temperature 
profile 𝜃(𝑦) as, 

𝜃(𝑦) =
{2𝑀 cosh(𝛾𝑦) + cosh(𝛾)[(1 − 𝑦2)𝑀1

2 − 2𝑀]}𝑁𝑢

4𝑀1 {𝑀1 cosh(𝛾) − √𝑀 sinh(𝛾)}
,   𝛾 =

𝑀1

√𝑀
 (25) 

Having obtained the temperature profile 𝜃(𝑦) in equation (25), the Nusselt number, which characterizes the rate of 
convective heat transfer in the system is given by, 

𝑁𝑢 =
1

∫ Փ 𝑈 𝑑𝑦
1

0

=
12𝑀1{𝑀1 − √𝑀 tanh(𝛾)}

2

2𝑀1
2 + 15𝑀

3
2 tanh(𝛾) − 3𝑀𝑀1{4 + sech

2(𝛾)}
 (26) 

Here, we have used the compatibility condition according to Nield et. al. [31], 

∫ Փ 𝑈 𝑑𝑦
1

0

= 1 (27) 
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And, 

Փ =
2𝑀 cosh(𝛾𝑦) + cosh(𝛾)[(1 − 𝑦2)𝑀1

2 − 2𝑀]

4𝑀1 {𝑀1 cosh(𝛾) − √𝑀 sinh(𝛾)}
 (28) 

The velocity, temperature and heat transfer (Nusselt number) profiles as defined by equations 25, 28 and 26 will then 
be estimated for different values of Casson parameter (𝛽), anisotropic ratio (𝐾), Darcy number (𝐷𝑎), Hartman number 
(𝐻𝑎), orientation angle (𝜑) and viscosity ratio (𝜆) to investigated how they are affected by these variables  in the 
direction of the magnetic field from the center of the channel to the wall of the channel. 

3. Results  

3.1. Computation for Velocity Profile 

The effect of varying the different variables on the temperature profile is shown in Figure 2. 

  
a b 

  
c d 

  
e f 

Figure 2 Velocity Profile for varying values of (a) Casson Parameter (b) Anisotropic ratio (c) Orientation angle (d) 
Darcy number (e) Hartmann number (f) Viscosity ratio 
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3.2. Computation for Temperature Profile 

The effect of varying the different variables on the temperature profile is shown in Figure 3. 

  
a b 

  
c d 

  
e f 

Figure 3 Temperature Profile for varying values of (a) Casson Parameter (b) Anisotropic ratio (c) Orientation angle 
(d) Darcy number (e) Hartmann number (f) Viscosity ratio 

3.3. Computation for Heat Transfer (Nusselt Number) profile 

The effect of varying the different variables on the heat transfer profile is shown in Figure 4. 
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a b 

  

c d 

  
e f 

 
g 

Figure 4 Heat transfer (Nusselt number) Profile for varying values of (a) Casson Parameter (b) Anisotropic ratio (c) 
Orientation angle (d) Hartmann number (e) Viscosity ratio (f) Anisotropic ratio (𝑲𝒓 < 𝟏)  with varying orientation 

angle (g) Anisotropic ratio (𝑲𝒓 > 𝟏)with varying orientation angle 
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4. Discussion 

4.1. Analysis of Velocity Profile 

We maintained constant values of anisotropy ratio (0.25), Darcy number (1), Hartmann number (2), orientation angle 
(0) and apparent viscosity (2) while varying the values of Casson parameter (∞,1, 5, 10, 20) to investigate the effect of 
Casson parameter on the velocity profile as defined by equation 24. The result obtained is shown in Figure 2a. Generally, 
Casson parameter influences the velocity profile of non-Newtonian fluid by defining the dominance of yield stress 
against viscosity [33]. A greater Casson parameter implies a greater yield stress, indicating that a fluid requires a greater 
force to begin to flow. A lower Casson parameter, on the other hand, implies a lower yield stress, making the fluid easier 
to initiate flow. From the results obtained (Figure 2a), increasing the Casson parameter slightly decreased the velocity 
of the fluid at the center of the channel, probably because an increased Casson number is indicative of an increasing 
yield stress and therefore more force would be required to cause the fluid to flow. As can be seen in Figure 2, the velocity 
profile generally decreases vertically in the direction of the walls of the porous media, a phenomenon often referred to 
as velocity “shear thinning” or “wall effect” [34, 35], maximum in the middle of the flow channel and minimum at the 
walls. The result (Figure 2a) showed that increasing the Casson parameter delayed velocity shear thinning.  

To further analyze the velocity profile, we maintained constant values of Casson parameter (10), Darcy number (0.04), 
Hartmann number (2), orientation angle (0) and apparent viscosity (2) while varying the values of anisotropic ratio 
(0.25, 0,5, 1, 2) to investigate the effect of anisotropic ratio on the velocity profile as defined by equation 24. The results, 
Figure 2b, showed that increasing the anisotropic ratio decreased the velocity profile while delaying velocity shear 
thinning. The reduction in velocity profile could be attributed to the fact that the alignment of particles or molecules in 
the direction of flow becomes more pronounced in a non-Newtonian fluid with a higher anisotropic ratio [36], thereby 
diminishing the fluid's flow velocity in the direction of alignment. 

Furthermore, the effect of varying orientation angle of the flow channel on the fluid’s velocity profile was also 
investigated. This was done by maintaining constant values of Casson parameter (10), anisotropic ratio (0.25), Darcy 

number (1), Hartmann number (2) and apparent viscosity (2) while varying the values of orientation angle (0,
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in equation 24. The result (Figure 2c) showed that increasing the angle of orientation of the flow channel slightly 
decreased the velocity profile with no visible effect on velocity shear thinning. This decrease in velocity profile relative 
to increasing angle of orientation could be attributed to either increased flow resistance [37] or altered shear rate 
distribution [38]. It is however important to note that the decrease in velocity profile with increasing orientation angle 
is typically modest, becoming more pronounced as the deviation from the channel walls increases according to Maynes 
et. al. [38]. 

The effect of Darcy number on the velocity of the fluid particle was also investigated by varying the values of Darcy 
number (0.01, 0.1, 1, 10 ) while maintaining constant values of Casson parameter (10 ), anisotropic ratio (0.25 ), 
Hartmann number (2), orientation angle (0) and apparent viscosity (2) in equation 24. The result (Figure 2d) showed 
that increasing Darcy number increased the velocity profile while enhancing velocity shear thinning. It is important to 
note that Darcy number, which describes fluid flow through porous media, has no direct influence on the velocity profile 
of a non-Newtonian fluid [39]. The increasing velocity profile with increasing Darcy number in our investigation could 
be attributed to the fact that an increasing Darcy number indicates increasing permeability of the porous media [31] 
offering less resistance to the fluid flowing through it and hence an increased velocity profile. 

We also investigated the effect of Hartmann number on velocity profile by varying the values of Hartmann number 
(0, 2, 5, 10) while maintaining constant values of Casson parameter (10), anisotropic ratio (0.25), Darcy number (0.01), 
orientation angle (0) and apparent viscosity (2) in equation 24. The result (Figure 2e) showed that the increasing the 
Hartman number caused a reduction in the velocity profile while delaying velocity shear thinning. In fluid flow, the 
Hartmann number is defined as the ratio of magnetic forces to viscous forces [40]. It then implies that increasing the 
Hartmann number would be indicative of the fact that the flow profile is dominated by magnetic forces relative to 
viscous forces which should enhance the velocity profile of the fluid in the direction of flow. In this study however, the 
magnetic field is oriented perpendicularly to the direction of flow which could be a reason why increasing the Hartmann 
number is causing a reduction in the velocity profile of the fluid in the direction of the magnetic field. 

The effect of apparent viscosity on the velocity profile was also investigated by varying the value of apparent viscosity 
(0.5, 1, 2, 10) while maintain constant values of Casson parameter (10), anisotropic ratio (0.25), Darcy number (0.01), 
Hartmann number (2) and orientation angle (0) in equation 24. The apparent viscosity of a non-Newtonian fluid is a 
measure of the shear stress to the corresponding shear rate [41]. Therefore, increasing the apparent viscosity will 
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indicate an increase in shear stress relative to shear rate which will in turn lead to the reduction of the viscosity of the 
non-Newtonian fluid and hence a reduction in the flow resistance offered by the fluid. Therefore, increasing the 
apparent viscosity will increase the velocity profile of the fluid as suggested by our result (Figure 2f). 

4.2. Analysis of Temperature Profile 

Furthermore, we maintained constant values of anisotropy ratio (0.25), Darcy number (1), Hartmann number (2), 
orientation angle (0) and apparent viscosity (2) while varying the values of Casson parameter (∞, 1, 5, 10, 20) to 
investigate the effect of Casson parameter on the temperature profile as defined by equation 25. The precise relationship 
between the Casson parameter and the temperature profile of a non-Newtonian fluid is dependent on the fluid's physical 
and thermal properties [42]. Changes in the Casson number might however have an indirect effect on the temperature 
profile in certain conditions [43]. In certain flow configurations, such as highly confined geometries (such as we have 
applied in this study) or complex flow regimes, an increasing Casson parameter may interact with other factors to 
diminish the effect on the temperature profile [44]. This could be the reason for the diminishing effect produced on the 
temperature profile with increasing Casson parameter as shown in Figure 3a. 

To further analyze the temperature profile, we maintained constant values of Casson parameter (10), Darcy number 
(0.04), Hartmann number (2), orientation angle (0) and apparent viscosity (2) while varying the values of anisotropic 
ratio (0.25, 0,5, 1, 2) to investigate the effect of anisotropic ratio on the temperature profile as defined by equation 25. 
As the anisotropic ratio increases, the fluid's properties become more directionally dependent. This can affect the 
thermal transfer characteristics of the fluid [45]. Non-Newtonian fluids that are anisotropic can therefore have different 
thermal conductivity or heat transfer along different planes or directions. In some circumstances, raising the anisotropy 
ratio can result in improved heat transport in specific directions or orientations over others. This can result in a decrease 
in temperature profile, especially in the direction or orientation where heat transport is most efficient. (Figure 3b). 

Additionally, the effect of varying orientation angle of the flow channel on the fluid’s temperature profile was also 
investigated. This was done by maintaining constant values of Casson parameter (10), anisotropic ratio (0.25), Darcy 

number (0.04), Hartmann number (2) and apparent viscosity (2) while varying the values of orientation angle (0,
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in equation 25. The result (Figure 3c) showed that increasing the angle of orientation of the flow channel reduces the 
temperature profile by flattening it. Flow characteristics, such as flow patterns and velocity distribution, can be affected 
by the flow channel's tilt or inclination. Since increasing the orientation of the flow channel reduces the velocity profile 
as already shown, this could lead to a decrease in the temperature profile of the fluid since, in some cases [46], the 
velocity and temperature profiles of non-Newtonian fluids have a direct relationship. 

The effect of Darcy number on temperature profile was also investigated by varying the values of Darcy number 
(0.01, 0.1, 1, 10) while maintaining constant values of Casson parameter (10), anisotropic ratio (0.25), Hartmann 
number (2), orientation angle (0) and apparent viscosity (2) in equation 25. The result (Figure 3d) showed that 
increasing Darcy number increased the temperature profile. Typically, a rise in the Darcy number corresponds to a rise 
in the flow velocity through the porous medium, as we have already shown. Higher flow velocities can improve 
convective heat transfer, resulting in greater heat transfer rates [46]. This can result in enhancing the temperature 
profile as seen from our result. 

To further analyze the temperature profile, we investigated the effect of Hartmann number on the temperature profile 
by varying the values of Hartmann number (0, 2, 5, 10) while maintaining constant values of Casson parameter (10), 
anisotropic ratio (0.25), Darcy number (0.01), orientation angle (0) and apparent viscosity (2) in equation 25. The result 
(Figure 3e) showed that the increasing the Hartman number caused a reduction in the temperature profile. In MHD 
systems, a strong magnetic field can inhibit fluid motion and impede thermal transport [47]. As the Hartmann number 
rises, magnetic forces become stronger relative to viscous forces, resulting in increased flow suppression and 
diminished thermal mixing. This, in turn, results in a fluid with a more confined temperature distribution as can be seen 
in our results. 

We also investigated the effect of apparent viscosity on the temperature profile by varying the value of apparent 
viscosity (0.5, 1, 2, 10) while maintain constant values of Casson parameter (10), anisotropic ratio (0.25), Darcy number 
(0.01), Hartmann number (2) and orientation angle (0) in equation 25. The result (Figure 3f) showed that increasing 
the apparent viscosity produced an increase in the temperature profile. We had already stated that an increase I 
apparent viscosity is indicative of an increase in shear stress experienced by the fluid which will produce greater 
velocity gradients. This could also lead to a more pronounced deformation of the fluid [48]. The fluid's temperature 
rises because of the increased dissipation of mechanical energy caused by the increased shear stress [49]. This could be 
the reason why the temperature profile is increasing with apparent viscosity in our result. 
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4.3. Analysis of Heat Transfer (Nusselt Number) profile 

The Nusselt number (Nu) describes the efficiency of heat transport as well as the relative contributions of conduction 
and convection to the heat transfer mechanism in during fluid motion [50]. When the Nusselt number is considered in 
a direction perpendicular to the direction of flow, like we have done in this study, it reflects the heat transfer that occurs 
owing to conduction between the solid and the surrounding fluid [51]. When the Darcy number rises, it usually suggests 
that fluid movement through porous media is becoming more difficult. This increased resistance in non-Newtonian 
fluids can result in different flow patterns, larger pressure drops, and increased viscous dissipation within the fluid [52].  
Additionally, increased viscous dissipation can cause local heating of the fluid, affecting temperature distribution within 
the porous media. This altered temperature distribution has the potential to change the temperature gradients 
perpendicular to the flow direction, thus impeding heat conduction in that direction. This is reflected in our result 
(Figure 4). However. we analyzed the heat transfer (Nusselt number) profile by varying our variables of interest relative 
to an increasing Darcy number to investigate how these variables affected the dampening effect of an increasing Darcy 
number (0.01 to 10) on the Heat transfer profile. 

We began by maintaining constant values of anisotropy ratio (2), Hartmann number (2) orientation angle (0) and 
apparent viscosity (2) while varying the values of Casson parameter (0.5,1, 5, 10) in equation 24. The results (Figure 4a) 
showed that increasing the Casson parameter enhanced the heat transfer profile perpendicular to flow direction. The 
non-Newtonian behavior brought on by an increasing Casson parameter may prevent the thermal boundary layer from 
forming and expanding, resulting in better heat transmission perpendicular to the flow direction [53]. This disturbance 
can improve convective heat transfer by bringing new fluid into touch with the solid boundaries, allowing heat to be 
carried away more effectively. This could be the reason for the enhanced heat transfer profile relative to increased 
Casson parameter as suggested by our result. 

Furthermore, while maintaining constant values of Casson parameter (0.5), Hartmann number (2) orientation angle (0) 
and apparent viscosity (2), we varied the values of anisotropic ratio (0.25,0.5, 0.75, 1) in equation 24. The results (Figure 
4b) showed that increasing the anisotropic ratio enhanced the heat transfer profile perpendicular to flow direction. 
Wang et. al. [54] showed that fluid may experience vortices, eddies, or whirling motions due to the anisotropic aspect 
of the flow, which enhances fluid mixing. By enhancing the interaction between the fluid and solid boundaries 
perpendicular to the flow direction, this improved mixing can promote better heat transmission, as suggested by our 
result. 

Additionally, we analyzed the effect of increasing Hartmann number (0,2,5,7,10) on the Nusselt number by maintaining 
constant values of Casson parameter (0.5), anisotropic ratio (2) orientation angle (0) and apparent viscosity (2) in 
equation 24, The result (Figure 4c) showed that heat transfer by conduction was enhanced with increasing Hartmann 
number. Zhang et. al. [55] had shown in their research that it is quite possible that flow instabilities or changes in the 
flow structure in a non-Newtonian fluid could be initiated when the non-Newtonian fluid interacts with a magnetic field. 
The heat transfer profile may be impacted by these flow instabilities, which would improve heat transfer perpendicular 
to the flow direction, hence enhanced heat transfer in that direction as shown by our result. 

We also investigated how the angle of orientation of the flow channel affected the heat transfer profile as defined by 
Nusselt number. This was done by maintaining constant values of Casson parameter (0.5), anisotropic ratio (2) 

Hartmann number (2) and apparent viscosity (2) while varying the angle of orientation (0,
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) in equation 24. The 

result, Figure 4d, showed that an increasing angle of orientation diminished the temperature profile perpendicularly to 
the direction of flow. In the porous media, flow separation or recirculation zones can be facilitated by higher angles of 
orientation [56]. As a result of these flow patterns, there may be less heat transmission across the fluid-solid interfaces 
which could be the reason for the nature of our result. 

Finally, the effect of apparent viscosity on the heat profile was also investigated in this study. To achieve this, we varied 
the values of apparent viscosity (0.5,1,2,10) while maintaining constant values of Casson parameter (0.5), anisotropic 
ratio (2) Hartmann number (2) and orientation angle (2). The result (Figure 4e) showed that increasing the apparent 
viscosity reduced the heat transfer profile. In some circumstances, a rise in apparent viscosity can encourage flow 
channeling, in which the fluid favors going down particular lanes or channels [57]. This flow channeling tendency can 
limit heat transmission perpendicular to the flow direction and decrease the overall heat transfer area which could be 
the reason for our obtained result. 

Since anisotropic ratio is very vital in describing the dynamics of an anisotropic porous media according to Shin [58], 
we also investigated the effect of varying anisotropic ratio (𝐾𝑟 < 1 and 𝐾𝑟 > 1 ) with varying orientation angle (0 to 𝜋) 
on the heat transfer profile. For 𝐾𝑟 < 1, i.e. the permeability along the principal axis parallel to the direction of flow is 
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lower than the permeability along the principal axis perpendicular to the direction of flow, the result (Figure 4f) showed 

that the heat transfer was maximum when the orientation angle is 90𝑜  (
𝜋

2
), along the principal axis. and minimum when 

the angle of orientation was 0 and 180𝑜 (𝜋), along the direction of flow. The opposite scenario was however observed 
(Figure 4g) for 𝐾𝑟 > 1, i.e. when the permeability along the principal axis parallel to the direction of flow is higher than 
the permeability along the principal axis perpendicular to the direction of flow. This was similar to results obtained by 
Degan et. al. [26]. Evidently therefore, the heat transfer profile is maximum along the least permeable path. This could 
be because the least permeable path offers the highest resistance to heat flow. This resistance causes the temperature 
gradient along this path to be steeper, resulting in a higher rate of heat transfer, a phenomena known as the "bottleneck 
effect" that is widely observed in porous media [59]. 

5. Conclusion 

We have theoretically investigated the heat transfer characteristics and magnetohydrodynamic fully developed forced 
convective flow of a non-Newtonian electrically conducting Casson fluid through a porous channel filled with 
anisotropic porous material and bounded by two impermeable horizontal walls under constant heat flux applied to the 
outer walls. We characterized the effect of varying Casson parameter (𝛽), anisotropic ratio (𝐾𝑟), Darcy number (𝐷𝑎), 
Hartmann number (𝐻𝑎), angle of orientation (𝜑) and apparent viscosity (𝜆) on the velocity, temperature and heat 
transfer (Nusselt) number profiles of the non-Newtonian fluid in a direction perpendicular to the direction of fluid flow. 
The result obtained showed that. 

 Increasing the Casson parameter (𝛽), anisotropic ratio (𝐾𝑟), orientation angle (𝜑) and Hartmann number (𝐻𝑎) 
decreased the velocity profile while increasing the Darcy number (𝐷𝑎) and apparent viscosity (𝜆) increased the 
velocity profile. 

 Increasing the Casson parameter (𝛽), anisotropic ratio (𝐾𝑟), orientation angle (𝜑) and Hartmann number (𝐻𝑎) 
decreased the velocity profile while increasing the Darcy number (𝐷𝑎) and apparent viscosity (𝜆) increased the 
temperature profile. 

 Increasing the Casson parameter (𝛽), anisotropic ratio (𝐾𝑟) and Hartmann number (𝐻𝑎) increased the Heat 
transfer profile as defined by Nusselt number while increasing the orientation angle (𝜑) and apparent viscosity 
(𝜆) decreased the Heat transfer profile. 

 The heat transfer profile was maximum along the least permeable path. 
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