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Abstract 

In the present investigation a q-sigmoid function will be introduced to improve some earlier results in geometric 
function theory. In particular modified q-sigmoid function q-Jack lemma will be applied to certain well defined 
neighborhood of analytic functions.   
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1. Introduction and Definitions

In recent research special functions like sigmoid functions have been generalized to produce q- sigmoid functions. 
Looking at it we have 

Definition 1.1 [6] [2] Sigmoid function which can be in the form 

(1.1) 

(1.2) 

The modified sigmoid function is then defined as 

 𝜂(𝑠) =  
2

1+𝑒− 𝑠 = 1 + 
𝑠

2
−  

𝑠3

24
+ 

𝑠5

240
−  

17𝑠7

40320
+ ⋯   (1.3) 

In other to define q-sigmoid function  consider some established result connection to this function. 

Definition 1.2 [3] Let q > 0 be any fixed real number and m a non-negative integer, the q -integer of r is of the form 

(1.4) 

Definition 1.3 [3] The q-fractional is defined as 
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 [m]q! :=  (1.5) 

Definition 1.4 [5], [7] A q-analogue of the ordinary exponential function es = 

is of the form 

  (1.6) 

Definition 1.5 A q-Sigmoid function is defined as 

  (1.7) 

and the modified q-sigmoid function will be 

 

(1.8) 

Definition 1.6  
The q-difference operator: 

  

For q ∈ (0,1) and f(z) ∈ A, defined on a q-geometric set B , the of  f(z) is defined as q-differential Dz,q 

     Dz, qf(z) :=                                                                                                                                          

 

 

where, and as q → 1, [m]q → m which gives 
f′(z). 

 

Let A be the class of functions defined by 

  (1.10) 

which is analytic in the open disk U = {z ∈ ℂ: |z| < 1} satisfying the condition f(0) = 0 and f ’(0) = 1. 

Definition 1.7 The function 

  (1.11) 

is analytic and univalent in U and belongs to the class Aηq  of the form (1.10) for limz→∞ ηq(z) = 2. 

Let fηq(z) and hηq(z) ∈ Aηq, hηq(z) is said to be (ϑ,µ,ηq) - neighbourhood for hηq(z) if 

it satisfies 

(z ∈  ℂ/0)    (1.9) 
(z = 0) 

that is 

. 

. 
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                              (1.12) 

for some −π < ϑ < π and   

 

 

for some −π < α < π and  

Theorem 1.1 If fηq ∈ Aηq satisfies 

                          (1.14) 

for some −π < ϑ < π and µ >√2(1 −  cos 𝜗) then fηq ∈ (ϑ,µ,ηq) − N(hηq).  

Proof 1 Note that  

 

 

 

from (1.12) we see that 

≤ 
1

𝜂𝑞
[𝜇 − √2(1 − cos 𝜗) ] 

Thus 𝑓𝜂𝑞∈(𝜗, 𝜇, 𝜂𝑞) − 𝑁(ℎ𝜂𝑞) . 

 

Example 

Given 

 

we consider 

 

with 

 (−π ≤ δ ≤ π, m = 2,3,4,...) 

It is useful to note that from (1.4) and 1.5) 

 . (1.15) 

µ >√2(1 − cos 𝜗). 

  
 

µ >√2(1 − cos 𝜗) . Denoted by (ϑ,µ,ηq) − N(hηq) and also fηq ∈ (ϑ,µ,ηq) − M(hηq) if it satisfies 
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also without loss of generality, 

 . (1.16) 

Hence 

 therefore fηq ∈ (α,β,η) − 
N(lηq(z)) Corollary 1.1 
If fηq(z) ∈ Aηq satisfies 

 

for some (−π ≤ ϑ ≤ π), µ >√2(1 −  cos 𝜗) and some arg am – arg bm = ϑ (m =2,3,4,...) 

then fηq(z) ∈ ((ϑ,µ,η) − N(hηq(z)).  

 

Proof: From (1.1) we see that 

 

implies that fηq(z) ∈ (ϑ,µ,ηq) − N(lηq(z)) 

suppose arg am = ϱm then arg bm = ϱm − ϑ 

Therefore |am − eiϑbm| ≤ |am|eiϱm − |bm|eiϱm+iϑ = ||am| − |bm|| 

implies 

hence, 

Theorem 1.2 If fηq(z) ∈ Aηq satisfies 

 , (1.17) 

for some −π ≤ ϑ ≤ π and µ >√2(1 −  cos 𝜗) then fηq(z) ∈ ((ϑ,µ,ηq) − M(hηq(z)).  

Corollary 1.2 If fηq(z) ∈ Aηq satisfies 

 

for some (−π ≤ ϑ ≤ π) and µ >√2(1 − cos 𝜗) and some argam − argbm = ϑ(m = 2,3,4,...) then fηq(z) ∈ (ϑ,µ,ηq) − M(lηq(z)). 

We will now give necessary conditions for neighbourhoods. 

. 

− eiϑbm) = (m − 1)ϱ, 
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Theorem 1.3 If fηq(z) ∈ (ϑ,µ,ηq) − N(hηq(z)) and arg(am (m = 2,3,4,...) then,  

 

 

Proof 2 For fηq(z) ∈ (ϑ,µ,ηq) − N(hηq),we have 

 

< µ for all z ∈ E. 

Consider  z such that arg z = −ϱ. Then, zm−1 = |z|m−1 e−i(m−1)ϱ. 

so from above |am − eiϱbm|ei(m−1)ϱzm−1 = |am − eiϱbm|ei(m−1)ϱzm−1e−i(m−1)ϱ 

 

also −eiϑ = −cosϑ − sinϑ and |z| = |x + iy| = √𝑥2 +  𝑦2. For a point z ∈ U, we see that 

 

for z ∈ U. 

Which implies that  for z ∈ U. 

Letting |z| → 1 we have that 

 

Theorem 1.4 Also if 

fηq(z) ∈ ((ϑ, µ, ηq) − N(hηq(z)) 

and arg(am − eiϑbm) = (m − 1)ϱ, (m = 2,3,4,...) then 

 

Application of q-Jack’s lemma 

Lemma 2.1 [8] Let the function f(z) be analytic in U with f(0) = 0 if a point zo ∈ U such that 

max|z|≤|zo| |f(z)| = |f(zo)| 

then zo Dz,qf(z) = sf(zo) where s is real and s ≥ 1 

Theorem 2.1 If fηq(z) ∈ Aηq satisfies 

. 

. 

. 

. 
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 U (2.1) 

for some (−π ≤ ϑ ≤ π) and                         

 

  

Proof 3 We define w(z) as 

 

which implies that w(z) is analytic in U and w(0) = 0. So, 

|Dz,qfηq(z) – e iϑ Dz,qhηq(z)| = |(1 − e iϑ ) + µ ηq(s)w(z)(1 + z
𝐷𝑧,𝑞𝑤(𝑧)

𝑤(𝑧)
 )|. (2.2)  

Let z0 ∈ U be such point that max|z|≤|z1| |w(z)| = |w(z0)| = 1 by Lemma (2.1) and from equation (2.2)  we have 

w(z0) = eiϑ and  z0
𝐷𝑧,𝑞𝑤(𝑧0)

𝑤(𝑧0)
 = k ≥ 1 

 

 

In particular, when k = 1 

|Dz,qfηq(z0) − eiϑDz,qhηq(z0)| ≥ 2µηq(s) − √2(1 −  cos 𝜗) . 

This is in contradiction to the condition in Theorem 2.1 hence we do not have z0 ∈ U such  

 

 

 

If we make 𝜗 =  
𝜋

2
 in Theorem 2.1, we obtain the corollary below. 

Corollary 2.2 If fηq(z) ∈ Aηq satisfies 

 , (2.3) 

for some 

 

   

, then 

, z ∈ U. 

. 

that |w(z0)| = 1. It implies that |w(z)| < 1 for all z ∈ U. So we have that  

then, 
,                  z ∈ U. 
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Theorem 2.2 If fηq(z) ∈ Aηq satisfies 

 , z ∈ 𝔼 

 

for some −𝜋 ≤ 𝛼 ≤ 𝜋, then 

𝑅𝑒 (
𝑓𝜂𝑞(𝑧)

𝑧
−  

𝑒𝑖𝛼ℎ𝜂𝑞(𝑧)

𝑧
)  >  

1

𝜂𝑞(𝑧)
 (1 −  cos 𝛼) − 

𝛽

2
 ,        𝑧 ∈  𝔼 . 

Corollary 2.3 If fηq(z) ∈ Aηq satisfies 

 

for some β > 0 then, 

 

Furthermore,  if β = 2(1 − τ) (0 ≤ τ ≤ 1) then, 

 

implies that 

 

Conclusion 

In this article, we showed that if 𝑓𝜂𝑞
(𝑧)  satisfies  ∑ [𝑚]𝑞 ⃓𝑎𝑚 − e𝑖𝜗 𝑏𝑚  𝑧𝑚−1∞

𝑚=2  ≤  
1

𝜂𝑞(𝑠)
[𝜇 −

√2( 1 − 𝑐𝑜𝑠𝜗)] and ∑ [𝑚]𝑞
∞
𝑚=2 | |𝑎𝑚| −   |𝑏𝑚| |  ≤  

1

𝜂𝑞(𝑠)
[𝜇 −  √2( 1 − 𝑐𝑜𝑠𝜗)]  then it belongs to the 

neighborhoods (𝜗, 𝜇, 𝜂𝑞) − 𝑁 (ℎ𝜂𝑞
(𝑧))  𝑎𝑛𝑑  (𝜗, 𝜇, 𝜂𝑞) − 𝑀 (ℎ𝜂𝑞

(𝑧))   hence ∑ [𝑚]𝑞
∞
𝑚=2 ||𝑎𝑚| −

|𝑏𝑚 ||  ≤  
1

𝜂𝑞(𝑠)
[𝜇 −  √2( 1 − 𝑐𝑜𝑠𝜗)] . We then applied q-Jack lemma and showed that 𝑅𝑒 {

𝑓𝜂𝑞
(𝑧)

𝑧
 −

 
𝑖ℎ𝜂𝑞

(𝑧)

𝑧
} >   1 +   𝜂𝑞(𝑠)(1 − 𝜏). 
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