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Abstract

In the present investigation a g-sigmoid function will be introduced to improve some earlier results in geometric
function theory. In particular modified g-sigmoid function g-Jack lemma will be applied to certain well defined
neighborhood of analytic functions.
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1. Introduction and Definitions

In recent research special functions like sigmoid functions have been generalized to produce g- sigmoid functions.
Looking at it we have

Definition 1.1 [6] [2] Sigmoid function which can be in the form

1
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The modified sigmoid function is then defined as
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n(s) = (1.3)
In other to define q-sigmoid function consider some established result connection to this function.

Definition 1.2 [3] Let q > 0 be any fixed real number and m a non-negative integer, the q -integer of r is of the form

1— qm
q# 1
[m)] = 1—4q
q ' m ,q=1
0 ,m=20

(1.4)

Definition 1.3 [3] The q-fractional is defined as

* Corresponding author: EZEAFULUKWE UA

Copyright © 2023 Author(s) retain the copyright of this article. This article is published under the terms of the Creative Commons Attribution Liscense 4.0.


http://creativecommons.org/licenses/by/4.0/deed.en_US
https://wjarr.com/
https://doi.org/10.30574/wjarr.2023.19.2.1190
https://crossmark.crossref.org/dialog/?doi=10.30574/wjarr.2023.19.2.1190&domain=pdf

World Journal of Advanced Research and Reviews, 2023, 19(02), 1554-1561

(m],[m — 1],...[1],
[m]q! = {

1 ,TIL — 0 (15)
SWL
Definition 1.4 [5], [7] A q-analogue of the ordinary exponential function es = Z?*O 1
om
is of the form
S o esrn
€y =

m=0 W (1.6)

Definition 1.5 A q-Sigmoid function is defined as

Gq(’s) - 1+ eq—s (1.7)

and the modified q-sigmoid function will be

2 D[S D]
ne(s) = — =1+ - s™
(18) 1 1+ e, ; 2 T; [m],!

Definition 1.6
The q-difference operator:

For q € (0,1) and f(z) € A, defined on a q-geometric set B, the of f(z) is defined as q-differential Dzq

Dz, of(2) = f(=)—f(g2)
g (z€ €/0) (19)
f10), (=0
thatis DZ. f A — 1 —|— ::7 m . am_ZTn_I’ P 7é 0 m _ liqm,
wihatis Deg (2) > m—z M, ( ) and as q ml, = 5 1, ]y m which gives

f(2).

Let A be the class of functions defined by

f() =24 am"
m=1 (1.10)

which is analytic in the open disk U = {z € C: |z| < 1} satisfying the condition f{0) = 0 and f’(0) = 1.
Definition 1.7 The function
o0
fr(2) =2+ Z Ng(8)amz™
m=1 (1.11)
is analytic and univalent in U and belongs to the class Anq of the form (1.10) for limz-w nq(z) = 2.
Let fnq(z) and hnq(z) € Ang hng(2) is said to be (9,u,nq) - neighbourhood for hyq(z) if

it satisfies
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Dz fn,(2) = € Do ghy, ()] <pp ,2€U (1.12)

forsome-m<9<mand ;> [/2(1 - cosd). Denoted by (8,1,1nq) = N(hnq) and also foq € (9,1,nq) = M(hyq) if it satisfies

2)  evh, (2
S (2) _ €7, (2) <B ,z€U
or some - < a < W and
f u>/2(1— cos?).
Theorem 1.1 If fyq € Angsatisfies
= 1

Z[m]q | — €7by| < —— [u —V2(1 - cosz?)]

m—2 () (1.14)
forsome -m <9 <mand pu>,/2(1 — cos?) then fyq € (9,u,nq) — N(hngq).
Proof 1 Note that

= (1 =)+ 3o ng(s) Mg (am — by )2 "‘

D e’ D, h
| Z‘QfWQ( ) “ TM( )| < (1 — )| +u,(s) 3200 o[l |am — e™by| |2™

< 2(1 — cos?) + 1j,(s) Sooe_,[ml, |rr,,, — r“’b,,,l

1 r —_—

from (1.12) we see that
S olmlg |am — by < ni[ﬂ —J2(1 - cosﬁ)]
q

Thus fyq€(9, 1,14) = N(hyq) -

Example

Given

h’ffl =z+ Zm 1 Uq mzm S Anq
we consider

frfq (z) =z + Zi:l nq(s)a'r”‘znl S A”q

with
1 i m—1
[,u —/2(1 — cost))e g™ ]
_1g(s) i
A = 5 + b
[m]3lm — 1], (-r<8<mm=234,..)
It is useful to note that from (1.4) and 1.5)
11 mlg—[m-1] qm!
m-1], [m], [m — 1]4[m], [m — 1]4[m],, (1.15)
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also without loss of generality,

o0

1 1
Z( m—1], [m}q) B 1_

m=2

(1.16)
Hence

therefore fyq € (a,5n) -
N(Iyq(2)) Corollary 1.1

If fuq(2) € Ayqsatisfies

; 1‘ f—+/2(1—cos?) | e gm—1
Zij:? [m’]q |am - embm| - Z::Q [m]q e { [m]2[m—1]4 ]

_ 0 m—1

_ 1 o o0 1 1
= [,u, —/2(1 — coat?)] ( m=2 ]y — [?Tb)
Yoy [mlg llam] = bm|] < ﬁ [,u —/2(1 - cos19)j|

i i
+ e"b,,, — e'b,,

forsome (-m<9<m), u>/2(1 — cos?I) and some arg am- arg bm=19 (m =2,3,4,...)

then foq(2) € (Spn) = N(hnq(2)).

Proof: From (1.1) we see that

Sy [mlg|am —e?by| < — [;L —v2(1 - cosf})]

m=2 = nq(s)
implies that fy4(2) € (9,1,nq) = N(lnq(2))
suppose arg am= Pm then arg bm=om-19
Therefore |am— €%bm| < |am|ee™ - |bm|elem+i¥ = ||am| = |bm|
implies |am — ei'ﬁbm| < lam| = |bm]|

hence, 3y [mly [law| — [ball < -1 {,uf\/Z(lfcosﬁ)}.

Theorem 1.2 If f44(2) € Ayqsatisfies

| _ i _ — 3
mz_? [mlg |am — €bm| < (o) [,u 2(1 60819)] (A,EU)’ .

1

forsome -m<9<mand u >/2(1 — cosV) then fyq(2) € ((u,nqg) — M(hnqe(2)).

Corollary 1.2 If fyq(z) € Angsatisfies

Zi?:‘z[m]q Ham| - ‘bmH < nql(s) {;U; — 2(1 — COS']})]

for some (-t <9 <m) and u >,/2(1 — cosVI) and some argam— argbm=9(m = 2,3,4,...) then fy4(z) € (I,p.nq) — M(lyq(2)).

We will now give necessary conditions for neighbourhoods.

- ebhm) = (m - 1)p,
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Theorem 1.3 If fy4(2) € (O1.1q) — N(hng(2)) and arg(am (m = 2,3,4,...) then,

Do (Mg |am - Bwbm| < nql(s) [+ cost) — 1]

Proof 2 For f4(z) € (9u,1n4q) = N(hnq),we have

i (1-— P“} )4 0g(8) S0 [m] (@, — e“’bm)zm*1|

|Dz,qfnq( )_ e' DZ qh7?<1 z ‘

m=2

+ Zm 2 77:1( ) m]q |G‘m - embm‘ ei(m—l)gzm—l|

<uforall z€E.
Consider z such that arg z = —g. Then, zm-1= |z|m-1g-i(m-1)e,

so from above |am - eiobm|ei(m-1)ozm-1 = |am - eigbm|ei(m-1)ozm-1e-i(m-1)o

also —e¥= —cosY - sinY and |z| = |x + Iy| =+/x? + y2. For a point z € U, we see that

|D2~fi 00 (2) = €D, ghy, (2 ‘ - | — )+ 3o 1e(8)[mlq |(1m — b,

| |m l!

= 1 = cosd = isin g+ 33 (o)l — b2
1
— ([1 +10(8) 00y [mlg |am — €¥by | |2 - 00519]2 + 5157?219) ’

<

forzeU.

Which implies that (]_ — C()Sl?) + nq(&) Z::Z[Tn’]q ‘am — eiﬂbm| |Z’m—l < forzeU.

Letting |z| = 1 we have that

Z:ZQ [Tn}q Ia*m - GM bm} [,U + cost — 1] .

Mq(8)
Theorem 1.4 Also if

fra(2) € ((9, 1, nq) = N(hnq(2))

and arg(am- ebm) = (m - 1)g, (m = 2,3,4,...) then

1
e

D =2 ‘am - (-J'iﬁbrn‘ < [+ cosv) — 1]

Application of g-Jack’s lemma

Lemma 2.1 [8] Let the function f(z) be analytic in U with f(0) = 0 if a point z, € U such that
max|z|<|zo| |f(2)| = |f(z0)|

then  ZoDzqf(2) = sf(zo0) wheresisreal and s 2 1

Theorem 2.1 If f44(2) € Ayqsatisfies
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‘Dz,qf,m(z) — €D, gy, (2)| < 2pme(s) — V/2(1 — cos?)) |,z U @21

for some (-m <9 < m) and L /21T — cos9)  then

/
214 (5)

‘fnq (Z) _ €i19 h"?q (S)

. — | < png(s) + /2(1 = cosd) ze UL

Proof 3 We define w(z) as

L () )

ng(s)” =z z

— (1 =€) = pw(z).
which implies that w(z) is analytic in U and w(0) = 0. So,

IDadfa(2) - ¥ Daghn(2)] = |(1 - € + pa(s)w(D)(1 + 22252 (2.2)

w(z)
Let zo € U be such point that maxzi<jz1 |w(z)| = |w(z0)| = 1 by Lemma (2.1) and from equation (2.2) we have

Dz,qW(ZO) =k>1

w(zo0) = edand z
(20) 0 w(2o)

= D g fn,(20) = €7 D ghy, (20)] = [(1 =€) + pmpy(s)e” (L + k)|
> || pumy(s)(1+ k) — 11— e’
> pimg(s)(L+ k) — |1 — €.

In particular, when k = 1
|Dzafna(20) = €9Dzqhnq(2z0)| 2 2unq(s) - y/2(1 — cos V).
This is in contradiction to the condition in Theorem 2.1 hence we do not have zo € U such

that |w(zo)| = 1. It implies that |w(z)| < 1 for all z € U. So we have that
‘f:r]q(z) B ¢ hy,(2)
z z

| = (1 =€) + pmy(s)w(2)
< 1= e+ png(s) w(2))
< pny(s) + /2(1 — cos?d).

If we make 9 = gin Theorem 2.1, we obtain the corollary below.

Corollary 2.2 If fyq(z) € Anqsatisfies

‘Dz.qfv]q(z) - iDZ,qh?Iq(Z)l < 2:’“”70(8) o \/é’ zeU (2.3)

7

1
forsome -

172(5) V2

then, | £, (2)  ih,, (=)

—~

< ung(s) + V2 zeU.
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Theorem 2.2 If fy4(2) € Angsatisfies

1 38
(1—cosa) — 4 '2€EF

n (z) .

Be ((Dzﬁfﬁd(z) - (fiéQDz'qh”M(Z))) >

forsome —w < a < 7, then

ia
Re (f"qm = h"q(z)) > (1- cosa) - £ 2 eE.
z z nq(z) 2

Corc 'y 2.3 If fuq(2) € Angsatisfies

Re (D. o fy,(2) —iD. hy (2)) >

for some 8 > 0O then,

() 1o

> >

~ A~

Furthermore, if f=2(1-1) (0 <t<1)then,

1
T?q(z)

Re (Dzﬂ e (2) — '.','Dz_qh,,m(z)) >

implies that

Re (f-,,q(z) by (2)

A Z

1
)> +7 -1, zelk
ny(2)

Conclusion

In this article, we showed that if fnq(z) satisfies m=2lmlg 1ay — e p, zm 1 < ﬁ[“_
q

J2(1—=cos9)| and Ty _o[mly | laml — |bml | < %[ﬂ — J2(1—cos9)] then it belongs to the
q

neighborhoods ~ (9,u,1,) — N (hnq(z)) and (9,u,nq) —M (h,,q (z)) hence  Y-o[ml, |lam| —

" 1(5) [u— V2(1 - 60519)]. We then applied g-Jack lemma and showed thatRe {f”q(z) —

q

b || < .
1+ n,()(1—1).

ihnq(z)} -
z
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