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Abstract

In this article, we define a class of multivalent function and calculate the necessary and sufficient condition for a function

n [

fixy e FiEy
to be in such class. Using some relations among T="1" =" and 1 + 7"1=1, we show that function in this family is convex.
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1. Introduction
We denote the open unit disc by
U={zeC:|z| <1}
The set of functions
f:U->C
analytic in the unit disc is denoted by H(U). For a € R+ and k € N. We denote and

Hla, k] = {f(,,) EHWU): f(2) =a+ a2 + a1 2"+ } .
A.i,- = {f(:) € H(Z/{) . f(:) = 2+ (I;‘-+|3k+l + (I.;'._{_g‘:k_{—z e } (11)

o0 I . .l
A(p) = feHU) : f(z) =2+ Zp"n.kz““_l. pEN, 2 # ;

The subclass Ax(p) was defined and studied by [1] and Ax(1) = Ax
A function fin A(p) is said to be p-valently convex in U if and only if
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re {142 }
“1 J'*] 0 (1.2)

and we denote the class of p-valently convex functions by C(p).
Motivated by the work done by Kanas and Owa [4] with the expression

(1 —&nM—H&f (z)+ 32 < 14+ Mz,
(1.3)
where,
(flz) € Ak(1)), azl, a+20z20a€ER,
in which they found some connections between certain second-order differential subordination and some

Fiz) o e
subordination of the expressmns s Iz ) and 1 + “% . We define the class of analytic function

[ "
ll e o~
.2,” g (fi=), f (=), £ {2h "")Whlch is different from

Kanas and Owa (1.3) expression.
The main aim of thls artlcle is to calculate the necessary and sufficient condition for a function f to be in the class

_} 3' = |' =
i "'“ flz). (=) 0 ) : ) and also estimate the coefficient

bw zglfso fHG Qﬁf,),_ﬁh) (f(2), f'(2), [ (2);p)

used the relations among

{ff]), JE ;()Jz,) and 1+ J—,ﬁ to show that function fis in C(p).

Definition 1.1 Let a, § be real numbers such that 21,0 < <1, a > 2fp and f € Ax(p), we introduce a class of analytic
functlon

Q:J_.Ir Afi2) Fiz) iz
Anln — |z " 2J — iz #]u —alp—1] (o
'R.f-{ pip— 1) flz) n [+ 231 — pl]p fl2) n pd —allp — LI[f( }]} -

[z¢]" zP] EQd

(1.1)
where
z€U,z20,peEN,azy, 0sy<1l
Theorem 1.1 [2] p € H[1,n] if and only if there is probability measure {u} on x such that p

and y = {x: |x| = 1}. The correspondence between H [1, n] and the set of probability measure {u} on x given by [3] is one-to-

one.

2. The necessary and sufficient condition of the functions in the Class
':n:n“]kf{ﬁ fl‘jf /‘llp

In this section we calculate the necessary and sufficient condition of the function f €
and also estimate its coefficient bounds.

Theorem 2.1 Let f S A(p) be at least twice  differentiable and f S

Qi (2} f 2] £ (2

Y I . TP, .
ez fiz) =l L
Q::r.."’ rlt” EERCUN I jrJ'beasdeﬁnedzn (1.4).

ek ”I ffZI _ {.ZJ__fulfﬂl;gJ

A function® if and only if f(z) can be expressed as

b=

. ok
G s E Eip

flz)=2F4 |:(J: ¥ ) E - — (flr,'_f,m
o Sy e e ik ’

where {u} is probability measure on y such that y = {x: |x| =1}
2] R .
Proof. Let f € A(p) with: EQ” A b f[ ): ||“ 2} JI IE I erIJWe set
then by (1.4),
F(z) = Bz2¢” (z) + [a + 2B] zd’ (2) + ad(z) -y >0 (2.3)
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and
flz)
iz .
- 2.2)
I
( e H1.k
—
By Theorem 1.1 o _
Fiz) 1+ iz i) (2.4)
Equation (2.4) is equivalent to a— Sy P 3:3[ )
F(z) +y = pz*¢" (2) + [a + 28] z¢ (2) + ag(2)

=y+(a-n[, 1+ T, 2x42%) du).

and (2.4) can also be represented as

fes]
Flz)+~ [:.'_1}';2_-:'__.-_-'“:;3}:{ — [Lt;;-{;[;':.]* / {Ll: + (v — ) Z 21:“'3&} dpd ) (2.5)
X E—1
Integrating both side of (2.5) with respect to z from 0 to z, gives

22 (2) + ;—;:\p(:) = ,(ii [( {a.: e — YY) ,ZI: %:’“*l } dps(x) ., (26)
& A
Multiply both sides of (2.6) by = “ and integrating both sides of the result with respect to z from 0 to z,
to get
' e Al 2_L_rI;_
wlz) 14+ (e — = - — — =8 dui (2.7)
o /x €= = Dia< gy [

Hence substituting (2.2) in (2.7) yields (2.1). The converse of this deduction process holds and this shows that
F el (f(2),f(2).f (2):p):
Corollary 2.2 Let f € A (p) be at least twice differentiable and f €

::-2}] IR SR L SR . .
Q::-“.t--j\;"r] |f |"';;|! I z), f [z p] be as defined in (1.4), then

2cv 28)

ol < (a =) | | e
E+1)(a+ k3

Equality holds for the function f (k+ 1o+ k5)

fl=) =

given by

= 2ry )
" {ﬂ H."\:I - — 2,.'.' tp—1
- Z (k4 il + k3)

i

(2.9)

3. The criterion for p-convexity

Feet o e FlE)
In this section we use some analytic connections among =1~ "=+ and 1+ #"t=} to show the function f € C(p).
Theorem 3.1 Letf€ A (p) beat least twice differentiable and f€

~(2) N vy
‘—“Q{fr.-f-*:.’?)(f("")’ F (=), f(=); p)beasdefinedin (1.4). A function

F s in Q) (F(2), F(2), £ (2);p) Fandonlyff can be expressed o

P ; ¢ . I '::lllltl: =+ ] L 17 PR
Fizhi=pf 14200 —7) / - — ) e )
' S ik —1) (o + £

where {u} is probability measure on y such that y = {x: |x| = 1}.

(3.1)

ProofLet f€ A(p) with = e =), F =), = 71 We set
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o fiz
o) = 112
[=F], (3:2)
then by (1.4)
. o, oo dpd == D[ fiz)
(z) = zdpo (z) + plo+ J(1 — pllolz) 4 P l"?f] £(2)] =0 (3.3)
and -
(=
) e H[1, k.
o= (3.4)
Also
, ( . la+p(-p)] ]
i | mar (=) 4+ _—I(_'.II:..]
: .(3.5)
) . . '-:'_.l'.' + _,r.l:I |_.'§[_J'.' =1 ) ke PR
ploc+ 81 = p)l + 2(e ’/ (Fe - L3 (ev | ki) 'tz el (i) o _
Multiplying equation
a-Bp
(3.5) byz £ and integrating
both sides with respect to z from, 0 to z gives,
_ . P4 Py s
gzl — 14 2 — ‘j-'}[ — {p] ..W:er":'l'rf.,u[:ar_,l
SoplE+ 1) o+ k5) . (3.6)

and simply calculations on (3.6) yields (3.1).

If (3.1) holds, reverse calculation shows thatJr = Q'i.“f--’“"-," Uzl fiz) friz) P
Theorem 3.2 Let f € A(p) be at least twice  differentiable and f €
Q@ pn(f(2).f(2).f"(2);p) be as defined in (1.4), witha=1,0 < <1, a > 2fp then, f€ C(p).

2] ! R feow ot
Proof Let fe A(p) with'Jr = Qi”'--'f:"r] Uizl f z”j’ ['-'I‘:m. We set
izl =1 z{_ll‘z'l
| fizl, (3.7)then by (1.4)
h(z) = PPR = D ()0 — 1) o+ 2000 = plplf )] pd = ol — NI
' [z [z 2]
and
hiz)
—— = H[1, k]
=" : (3.8)
Henpe ) _
Siz) 0z) = 20p+ J+ o
zpl
L a kp) A=l —pl+al Lo,
= pla + A1 —: Qo — ) - et =tdale). (30
pla+ A( P+ 2000 — ) /x 10 T a) ). (3.9)
Let
(2 [F) = 20p — G+ a
Tz = RS "I_..,_,' p=f+al
then )

e d o Tz} TR e Giz) = 20p + 5+ o
R —frlié;] I

= Re il ! L’EJ
- A2 Jlralf:,| _;\-P 1 3
re

whereze—1 is Equation (3.1) divided by zr-1. Hence
Re{9(z)} > 0.
Hence, Theorem 3.2 is proven.

T e “

’
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4. Conclusion

In this article, we calculated the necessary and sufficient condition for

.

foe Quamf2)f (). (2hp,

and estimated the extreme functions of
. .-JI;Q: P ."3" ,,.'r.-..._ i :..,". . ¢ ')J N £ ¢ . Mo
f e E"'F:f'"i'i".:' (fle). fiz) iz ! We also showed that if fis in the family "Rf."'--":’r.' W fleh ) ?”),
then f € C(p).
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