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Abstract

Certain subclass of q-starlike and g—convex was introduced . The third and fourth coefficient were calculated, with the
aid of subordination theory.
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1. Introduction

Let P denote the class of analytic functions p normalized by

plzl=11 Z-pl:::’”'
=1

such that Re{p(z)} >0,z € U.

(1.1)

Let Axdenote the class of functions fnormalized by
Al
flzi=24 Z gz
=2 , (1.2)
which are analytic in the open unit disc U(1) = U where,
Ur)={z:|z| <r}
We state the g-derivative operator D,qdefined by [22] (see also [23]) as

D, floy=f220eml e 0,1y, 2 £0

=11 =)

FD&._:-'rLK::' 2D ,l'”'xuil ,

Also, the operator (Dz4f)(z) can also be defined by convolution as follows:
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, . 1 o _
(D.pf)z) = plz) * = weEP i, = Shote
(Peah@) =p@)* T g PEP U= 07 e

We say that the function 7 : U = C is subordinate to the o : U = C, represented as T <o or 1(z) <o(z) if there exists a
function v: U - U, analytic in U such that v(0) = 0, |v(z)| <1, and

(z2)=o0(v(z)), zeUl.
Motivation and Definition
Aldweby and Darus [7] defined the classes PS4 (¢) and PCq(¢) by
Dy fH iz .
L Qf\ 2) =gl pePozeld
fiz) (2.1)

and

FEE

g (D2 qﬂ (z) .
— iz, peP, zeld
(D f)lz) 777 7T (2.2)

_——
2,

respectively. They obtained the second and third coefficient of functions of these classes. Meanwhile, Ramachandran et.
al. [34], introduced the classes of g-starlike and g-convex functions with respect to symmetric points, denoted by
PS; (@) and PCys(¢) and defined by

2z (
)= fl==) T T (23)
and

- iz I: “_*t] cwe P
(2.4) respectively.

2[(D.gf) (2) + 20 (D2 1) (=)
[’Dz.gf:-' 'f'%l + {Dnr;f:' '5_3]

Definition 2.1 Suppose a € [0,1] and 8 € (0,1). Let PS(a,[5) denote the class of functions f € Ak satisfying the following
inequality:

e S el 0 2_*‘
z"D??{’I"”J I‘ = Di'“-'m ") zeu
flz) fiz] . (2.5)
From [37], equation (2.5) can be rewritten as:
LA T | - = .
el B0 ST e
fizl 1 bz . (26)

If « = = 1 then the class PC(«a,8) reduces to the class PC(¢(z)) studied by [7].
Also if ¢ — 1 the class PC(a,) reduces to the class S(a,f) studied by [35].

Definition 2.2 Suppose a € [0,1] and € (0,1). Let PC(a,8) denote the class of functions f € Ak satisfying the following
inequality:
| D [2(D 0 f) 2]]
(D f)iz)

oD, [2(D, . )2
(D, 11z : . @)

LT
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D. D, [z - |
WECWIE S S
|:_ D;.,.-‘_I.IIFJ' L) 1= oz (2.8)

If @ = f =1 then the class PC(a,f8) reduces to the class PC(¢(z)) studied by [7].
Also if g = 1 the class PC(a,8) reduces to the class K(a,) studied by [35].

Definition 2.3 Suppose a € [0,1] and B € (0,1). Let PS; (a, B) denote the class of functions f € Arsatisfying the following
inequality:

22(Ds0f)(2) < |20 e ,'3-[3;1' 1|, ozl (2.9)
(2.10) flz)— fi—= Fl2) = fi—2)
2:(D, . fi(z) . 11 4z
Fiz)— fl—=z)  1—ad:z

M
]
s’

Definition 2.4 Suppose a € [0,1] and € (0,1). Let PC(a,8) denote the class of functions f € Ak satisfying the following
inequality:

2D, . =D, f)z) 20D, , [2(D.  f1{2) '
Do 2Degfll | o] 20D0 2P NI 1 e
D‘___.f f’ |.‘:_'_| .f-l-._ :.-__:'] Dz.l,l _..fll..z-l .f-lk ':'.-:I]
20, 20D l—az :
. Ll I -;'l -'-r:I'-'Ir..-Ill. .-:LI _=: 1 — P '.-: tr/ir (212)
D flz)— fl==)] " 1—adz
Lemma 2.1 Let p € P then the following sharp estimate holds:
(2.13)
lpx| <2, keN.
Lemma 2.2 Let p € P. Then
"2‘;'1_;3 =M + & [-L — Irf;l’
for some x with |x| <1 and
dny = -p‘f‘ + 2m {-1 — -,'Jf} r—m {4 — ,.'J%J 72 [4 — ;r:fjl {:1 — :::|:} x (2.14)

for some z with |z| < 1.
Necessary and Sufficient Conditions
Theorem 3.1 Let f€ PS(a,f8), B € (0,1], @ € [0,1], then

A1 +a)

;- | =
|-.u.a3rr.h iy . Izn

(3.1)

The result is sharp, with the extremal function
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—_— =, a &l
. il o.‘]'.'-':.-:ﬁ
fi(2) = 11; (3.2)

s Dad

zexpl “ o=,

Proof. Let f € PS(a,f), then by (2.6) there exists a Schwarz function v, which is analytic in U such that v(0) = 0, |v(z)| <1
and

=D, Flz) P
L z..i_-,f,-'\ e ALES)
flz) , (3.3)
where
- 1+ 3z . 0. . R .
Hz) = + =131 +a)z a1 +alz® + a3 +a)? +..

1—afz
Let p € P be written as follows:

|+ (2]
L 1 i!»-"::a?:l_ (3.4)

J e Rp—

Then by (1.1)

plz) -1 1 p G .
Ul:z:lzimzﬁ |:p|,’,+ (pg—gl 2+ _',!Jg+._—ll—p|ﬁg 2

(3.5)
And
sz_GJII\'IL":’II L} .I!:”-'-'.:I —1
Jiz) plzi+1
a. a9 . pad 5] o
14 EU + ol + |:§'L| + ol — DX + T“ —alpy| =
Bl o) (v a1 ) e o 31
+ {Tk (%—Ikg—;fuyz) ——'2 Jl.r;ﬂz—%]jp_ + — lLB pf] 2.
(3.6)
Also,
AT ) e .
# =1 + qzay + gz (2,03 —a3)

+ 27 ([3]y00 — (14 [2],) vaas + a3) (3.7)

Comparing the coefficients of z, z2and z3in (3.6) and (3.7), we get

Al —alm

= 2y

’
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."-?I:.J' _{}.:I ¢ e i R
a m [3@1’2 + (a3[2], + 3 — E?.-'Pu]
G014 a)
{1y

8 q* 3]y 2,

{1 333],02, — od® (3 + 20 + 5%+ @7[2), — adq (23], — o) + Sl + [2],) &
+ [20:8q (g + 2[3]5) + 289 (1 + [2))) — 4¢°[2], ] papa + [46%[2]4] m)

Thus,

, A1+ ) y
dLart, o, = . -

T 6 ¢ 3, 22
{(ad’ T2, + ad[2l, + 3+ P2, — a3+ &) p
(Ag+2q— 73— eef3[2],) 2pTpe = (43708 — ([2 0 dpps }
Hence,

A1+ a)

jores =l = 56,

| (0?12]y + %4121y + 2q021,) 7y — (032], + 501 — q) — 24[2,) (4 — p}) iz
(Bl - a?el) (4 ) e (4 pf) (1 ) 202002

L A1 a)

(aits u._;| = 16 q;_, 3], 2;
(a2, + 3012, — 2012),) p* + (08[2, + B0 — q) — 2072,) (4 = p*) p|]

B, ) A (4 ) ()

(A=p22lp + (0 (2 + 3072), + 2912],) P+08120, + B0 — g) — 20[2,) (4 — p*) Pl
+(2 = p) {208l + ¢*p) (4 — 1) |«

=F(py),

where ¢ = |x| < 1.

Il (pw)) _ 51 +a)
e 1642 3, 22

+2(2 = pi {2[8]; + ¢°p} (4 — ) || (3.8)

(@120, + (1 — ) — 24[2],) (1 - ) ]

max_ F (p. 1) fip 1) 2(p)

w1
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32 (14 ﬂ:_]-2
16 ¢* 3, |_2].;-2

16[37, + (¢ g+ 4[2,] + 0d*2), + 39(2), + g — 5 — ad[2],) p*

Fip 1) = ¢lp)

(o 2p°q) 12, p°

A1 a)®
4 4% 3, [.3];
(g + 4[2],] — ad°[2, + 3%9(2], + J9 — 3 — ad[2],) p*

&ip)

{m—,-"?ﬁ' — L’pgf;r] 2'2](_.1:'

. i1 o2y By
fifzl =
_ zoxpliEy, =10
Solving, we 2l 7 have
z (Dz,qfl(z)) (@) ( 1+ ,82) (3.9)
f1(2) fi(zq) \1 — apz
Theorem 3.2 Let f € (0,1], « € [0,1].
=72 2
|ﬂ|,2rr1. n':‘;| — .--il |:_I:} . :l.il
¢ 27 (3.10)
The result is sharp, with the extremal function
— 0, ac(l, 1 (3.11)
. i1—adz?y = .
filz) =
ZeRplpy ) o= ()

Proof.
Let f € PS(a,f8), then by (2.6) there exists a Schwarz function v, which is analytic in U such that v(0) =0, |v(2)| <1 and

22(D, o f)(2)

Flz) = f{—=)

= (v 2))
. (3.12)

where

| + 3z B

oo =180+ o)z —ad 1+ o) + a3+ o) + -
L

Wz =

816



World Journal of Advanced Research and Reviews, 2022, 15(01), 811-821

Let p € P be written as follows:

|+ (2]

.".':-"=
PET T (3.13)

Then by (1.1)

plz) = pl) __] = ! [;mz I (;ug p'g) 2 (p_q I ;rrf p.p-y_) 2% }
plzl+1 2 2 4 . (3.14)

:E:Jrlpzu,lnllﬂll:.:-j ) _P'I:ﬂ —1
flz) = fl—zy Aplzl+1

) - L

g, " : ‘ . - o
=1+ +akmz+ BU +alip: — %f,l + “Tu + o-_.l,m] +

And

S+« i35 1+ ex) I a? 3Nl —a) ]
+ l— (‘L Py - In;nu) LR Sp — T’Ip'* 2

2 2
i3.15]
Also,
D, 1z N
% U+ 2z + q[2y2% + 2],z {{I +glay — agag e

Comparing the coefficients of z, zZand z3

A4

s =

2[2],
A1 ) ,
iy $ {2ps + {0 — Lipi}

4q(2],

P8+ —ad (8 +ql2) — 5+ g2, [
: A1+ o)
(I

l @flf[ 1'[ ]

L od (3, 02— 3 —2q[2],  2paps + [ 4072], [
AL+ )
167[4][2]2
[n:ﬁ.-'?ﬁ-l—;'“}'q—[f_q—ﬂ "]r_ﬁ”'ri] _]Il?j +_1?‘]2 ]

+{eBL+[2],) —2(2], — Ba) 2ip: — [ 1672, [
A1+ )
L6g?|4 o [2]3

3
|CE.1-'.'.['_:; — {z5|

[0%3 = dg + 2], — 08%q — a8 (|2, + 1) p} + 49504,

817



World Journal of Advanced Research and Reviews, 2022, 15(01), 811-821

S+ )
16g2[4],[27

[ o537 —adq | pl 4 (a1 4 [2],) — Bq) e id — i)y

e300 [2],) 212],  Sq) Ep?pg :-1r|r2::2]q ] | (3.16)

gt — I']'i| =

! l.'.-f:l [l {[.'_i]“ rl.']- 1 [‘.?.]_._....r'z et ["}]r_rl”I i Ju'f'} (1 |.-|—"} b
- .2 . SFEL 4 )™
s A g 4,22

= e — ey |t 4 (e A [ 250 — Fy) ] (1 — ) s

Pl ) (Bl, gt pF) 21l - 267 [2]ae (4 27) (1 1=]F) (3.17)

P21 4+ o) - .
il : o i
= laepppz L7 o]
ql=q

2 [2] (4 I.J-‘!} F (e + [2],0 e d (_1 _p"‘:] 22|

(318) 4 [21, (4 — p*) (A{I3], — 4} — ple+ 2¢%)) |x|?
= F g ) (=eeg ). W o= |ar| =01

ar (pov) P14+ a)? _ =
- T il 20— 3 4 — Y,
Mo lﬁr;z_.:l]q[j;-: (301 + [2[5) — Ba) [ L }p

+2[2], (4 — p*) (4{[3]; — g} — plp+ 2¢7)) | =]

(3.19)

(3.20)

i Filp.w) = Flp.1) = @lp), (soy).
v, Ly

A1 4 o)?

16g® 4], [2]2

X [:ur.}-glc"j’2 F2l, 4 Sg - el — e {1+2,0)p

slp) = Fipl) =

+{a8{1 + 21} — B — {[4]y + [21,}) 4p" + 1674], (3.

Gy 3
. ST+ )
i) = Nt
kel IL}F,I -1{’1'2 I-’qug]ﬁ "
x (a3 2+ Sg — ad’y - as {14 2],)) 00
+lad{1+ 2t — Ag — {4, —[2,})2
4 Il'.-.jlgl:j.l T ﬂ-1|2
Aofty ) = vz
4= (3.22)
Equality holds for J[L{ L = (}‘”?‘;i) dot; 0= =1 the function
o ; _”_31?.1_]]7'; o
(3.23) falt) =
i ity g EN AL I
a=0. fn ex] lg—"] (1 — a3y da)

Solving with 0 < @ < 1 we have

. .t 2 11 B2
Ju {1 f:r‘fiﬁ'}-:lﬁ? | — 2 )Y
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2
14
(1 odt?) "ﬁT

(3.24)

and with @ = 0 we have

) . A
Falt) = fol—f) = zfexrvlr% -
2lg (3.25)

2z (=] 1+ 22 I+ 42
falz) Al 20 1 ef? 1 el (32¢)

2. Conclusion

Certain subclass of q-starlike and g—convex was introduced . The third and fourth coefficient were calculated, with the
aid of subordination theory.
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