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Abstract 

Stability control system plays a significant role in vehicle dynamics to improve the vehicle handling and achieve better 
stability performance. In order to study and evaluate the performance of the vehicles in addition to how to control it, it 
is necessary to identify obtain some models related to the dynamics of the vehicle as well as the tire models. This paper 
presents fundamentals of vehicle dynamics by introducing vehicle models and tire model, which have been widely 
adopted for vehicle motion control. This helps to get a basic idea of what parameters and states of a vehicle are 
important in vehicle motion control. This work is separated into four sections: vehicle planar model, full vehicle model, 
two degrees of freedom vehicle model (bicycle model) to design the controller, and wheel dynamic model. 
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1. Introduction

Vehicle Dynamics is an engineering discipline that deals with the motion of a vehicle in relation to its intended usage. It 
is a topic that is applied to a certain set of products, especially automobiles. Vehicle Dynamics employs theories and 
methods from mechanical engineering and machine design, as well as Control/Signal engineering and Human 
Behavioral Science [1]. 

In the 1990s, the global car industry and market structure underwent extraordinary transformation. Vehicle safety, 
environmental preservation, and intelligent control are all in high demand. As a result, innovative technologies like 
computer technology, virtual reality technology, and clever algorithms have become commonplace in the automobile 
business. Vehicle dynamics are crucial to the advancement of the automobile industry. Early vehicle dynamics research 
focused on different working conditions and service performance under external excitation. [2]. Researchers began to 
work on steering, suspension mechanics, and driving stability in the 1930s. The impacts of the external environment 
(such as road surface roughness, airflow, tire and driver) on vehicle dynamics, as well as the coupling interaction of 
these conditions, were examined by Lanchester Maurice and Segel. [3]. Segel [4] published a thorough review of vehicle 
dynamics achievements prior to 1990 in the Proceedings of the Institution of Mechanical Engineers in 1993. Vehicle 
ride comfort and handling stability research has gotten a lot of attention in the subsequent decades. The lateral or 
transverse dynamics of the vehicle are dealt with in handling dynamics, which primarily apply to vehicle handling 
stability, vehicle sideslip induced by tire lateral force, yawing, and roll motion. 
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The research on handling stability in vehicle dynamics progressed from experimental studies to theoretical analysis, 
from open loop to closed-loop. The representative monographs of vehicle handling dynamics include (Vehicle Handling 
Dynamics Theory and Application) by Abe M [5]. 

“Vehicle Handling Dynamics Theory” written by Guo [6]. Driving, braking, and ride comfort are all part of the vehicle's 
driving dynamics, which are separated into longitudinal and vertical dynamics. The research of vehicle longitudinal tire 
force solves the problem of driving and braking slip, while also improving driving and braking efficiency. The vertical 
tire force causes vehicle vibration and pitch movement, which affects ride comfort. Rajamani's monograph "Vehicle 
Dynamics and Control" is an example of a representative monograph. [7], Vehicle Dynamics Theory and Applications 
written by Zhang [8]. Furthermore, the longitudinal force of a tire when a vehicle is speeding up or stopping, as well as 
vehicle vibration induced by a working engine, are all part of the topic of vehicle dynamics research. 

1.1. Coordinate system 

 The system of coordinates that is used to describe the vehicle motion as shown below in the figure  

 

Figure 1 A system of coordinates of a vehicle fixed to COG. [10] 

It is in according to the ISO standards, as described in ISO 8855. Using this coordinate system, the vehicle forward 
motion is depicted in the positive x-axis and the lateral motion is depicted by the y-axis, being positive when oriented 
to the driver's left side position, and the z-axis represents the vertical motion. The rotations of the vehicle cabin are also 
included in this system of coordinates. The pitch rotation is defined about the y-axis and the roll rotation about the x-
axis, while the yaw motion about the z-axis. 

A local coordinate system will be used independently for each tire in addition to this the system of coordinates, also 
according to (ISO 8855). The coordinate system for a single wheel can be obtained in figure 2 

 

Figure 2 Wheel local coordinates system. [11] 
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2. Vehicle planar model 

The vehicle planar model is formulated from the following three equations of motion of a four-wheel vehicle with front 
steering. Figure 3 describes the sketch of the vehicle model and the parameters concerned. The positive x-axis starts at 
the cog and points in the front direction of the vehicle, this direction is also indicated to as a longitudinal direction, while 
the y-axis is corresponded to as the lateral direction and starts from the model centerline. It is assumed that the front 
wheels have the same steering angle and the roll, pitch and bob motions are neglected. 

 

Figure 3 Vehicle planar motion model 

The mathematical equations of vehicle motions can be expressed as follows: 

For yaw movement 

 

(1) 

For longitudinal movement 

 

(2) 

 
For lateral movement 

 

(3) 

 

Whrer , , , , , , , are the components of forces for the front left tire, front right tire, 
rear left tire, and the rear right tire along x axis and y axis coordinates; a ,b are the displacement of the cog of the vehicle 
to both of front and rear axle; lw is the displacement between left and right tires ; vx, vy are the car longitudinal and the 
car lateral velocitiy, wz is the vehicle yaw rate, δ is the front wheel steering angle, m is the vehicle total mass, ı is the 
vehicle moment inertia about its yaw. 

The slip angle at each wheel is expressed and derived using the geometry of the vehicle and the vectors of wheel 
speed. If the velocity at each wheel road contact point is known then, it can easily derive the tire slip angle at each tire 
geometrically and can be expressed as follows: 
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The above vehicle model is analyzed and simulated using Matlab Simulink. It is assumed that the vehicle used in this 
case moves at a constant speed (vx) = 20 m/s, the road friction coefficient is 0.4, and the vehicle receives an input steering 
from the tire. Firstly, the input steering will set as a step signal, which have an amplitude of two degrees (0.035 radians) 
as illustrated in the figure below.  

In addition, the input steering will set as a lane change maneuver with amplitude of front steering angle of 0.035 radians 
as obtained figure 5. 

The performance of vehicle will be obtained and compared in this thesis using the two cases of input steering angle (A 
step signal and a lane change maneuver). 

 

Figure 4 The steering input of vehicle maneuver 

The following figures represent the performance of the car in the case of planar model that performed at a step signal 
of steering single and the lane change maneuver of the front wheels. The vehicle longitudinal velocity is obtained in 
figures 6 and 7. Figures 8 and 9 display the vehicle lateral acceleration. As it can be shown clearly, the lateral acceleration 
reaches its maximum rapidly during start of the second two. 
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Figure 5 The steering input of vehicle with a lane change maneuver. 

 

Figure 6 The vehicle longitudinal velocity at a step signal of steering angle (planar model) 

 

Figure 7 The vehicle longitudinal velocity on a lane change maneuver (Planar model) 
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Figure 8 The vehicle lateral acceleration at a step signal of steering angle (Planar model) 

 

Figure 9 The vehicle lateral acceleration on a lane change maneuver (Planar model) 

 

Figure 10 The vehicle sideslip angle at a step signal of steering angle (Planar model) 
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Figure 11 The vehicle sideslip angle on a lane change maneuver (Planar model) 

 

Figure 12 The vehicle yaw rate at a step signal of steering angle (Planar model) 

 

Figure 13 The vehicle yaw rate on a lane change maneuver (Planar model) 
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Figures 10 and 11 show the vehicle sideslip angle change with respect to time under specified conditions and figures 12 
and 13 depict the yaw rate of the vehicle versus time. It is obvious that from figures, the vehicle yaw rate at a step signal 
of steering angle initially increases as it is expected from the steer input. the peak value of the yaw rate at a step signal 
of steering angle is approximately 0.135 rad/s while the peak value of the yaw rate on a lane change maneuver is about 
+0.12 rad/s and – 0.12 rad/s. 

3. Full vehicle model 

In this vehicle model, the sprung mass or body is free to roll, pitch and heave, which means that the full vehicle model 
dynamics involves the rotation and movement on the vertical, longitudinal and lateral directions; therefore, the vehicle, 
vertical, longitudinal and lateral dynamics have to take into considerations for a complete car model. The suspension 
pats connects the body or the sprung mass to four unsprung masses that are rear-left, rear-right, front-left, and front-
right tires. They are free to bouncing vertically relative to the vehicle body. The vehicle model adopted here consists of 
fourteen degrees of freedom (14 DOF) as obtained in the following figure. 

 

Figure 14 Full vehicle model includes: the yaw (a), pitch (b), and Roll(c) motions. [12] 

The mathematical equations of the vehicle motion can be written as: 

For the yaw movement of the sprung mass in figure 14.a 

 

Where wz is the vehicle yaw rate, Iz is the sprung mass yaw moment of inertia, a and b is the distance between the cog. 
Of the vehicle and the rear, front axle, and φ is the roll angle of sprung mass. 

In addition, the differential equations of motion due to lateral and longitudinal directions can be derived as: 
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Where m is total mass of the vehicle, vy is the vehicle speed in the lateral direction, vx is the speed of the vehicle in the x-
axis direction (longitudinal direction), fr is the rolling resistance coefficient, and h is the vertical displacement between 
the roll center and the cog of the sprung mass. 

 

The following equation describes the pitch motion of the body or sprung mass: 

 

Where are the total suspension forces which acting on the front and rear sprung masses, iy is the pitch 
moment of inertia of sprung mass, and θ is the sprung mass pitch angle.  

In addition, for roll motion of the sprung mass:  

 

Where ix is the sprung mass roll moment of inertia and Ixz is the product of inertia of the vehicle body mass about the 
yaw and roll axes. 

The equations that describes the vertical motions of the unsprung masses sprung mass are as follows: 

 

Where is the vertical displacement of the vehicle body? 

 

 

 

 
mui is the unsprung mass at tire i, zui is the vertical distance of unsprung masses, kti is the tire stiffness at tire i, and zg1is 
the road excitation. 

The total suspension forces which acting on the front and rear sprung masses can be expressed as: 
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Where ksi is the suspension stiffness at each wheel, ci is the damper coefficient of the suspension at each wheel, kaf is the 
stiffness of anti-roll bars for the front suspension, kar is the stiffness of the anti-roll bars for the rear suspension, and fi 

is the control force of front and rear active suspension controller. 

It is assumed that both of the sprung mass pitch angle θ and the sprung mass roll angle φ have a small values, the next 
approximations can be achieved. 

 

 

 

 
Figures 15 to 22 represent the performance of the vehicle in the case of full model at a step signal of steering single and 
the lane change maneuver of the front wheels. The vehicle longitudinal velocity is obtained in figures 15 and 16, while 
figures 17 and 18 describe the lateral acceleration behavior of the vehicle. 

 

Figure 15 The vehicle longitudinal velocity at a step signal of steering angle (Full model) 

 

Figure 16 The vehicle longitudinal velocity on a lane change maneuver (Full model) 
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Figure 17 The vehicle lateral acceleration at a step signal of steering angle (Full model) 

 

Figure 18 The vehicle lateral acceleration on a lane change maneuver (Full model) 

 

Figure 19 The vehicle sideslip angle at a step signal of steering angle (Full model) 
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Figure 20 The vehicle sideslip angle on a lane change maneuver (Full model) 

 

Figure 21 The vehicle yaw rate at a step signal of steering angle (Full model) 

 

Figure 22 The vehicle yaw rate on a lane change maneuver (Full model) 
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Figures 19 and 20 show the vehicle sideslip angle change with respect to time under specified conditions and figures 21 
and 22 depict the vehicle yaw rate versus time. As it can be shown from the figures, the yaw rate initially increases as it 
is expected from the steer input. the peak value of the yaw rate at a step signal of steering angle is approximately 0.22 
rad/s while the peak value of the yaw rate on a lane change maneuver is about +0.2 rad/s and – 0.2 rad/s 

4. Vehicle reference model 

The bicycle model (reference vehicle model) as illustrated in figure 23 is an important part in the automotive 
engineering studies and vehicle dynamic field because it uses for controllers design and the analysis of yaw stability 
control prominently. according to some assumptions, it is possible to linearize the actual model of the vehicle (a 
nonlinear model), these assumptions are: the vehicle moves on plane surface or flat road (planar motion), the tires 
forces operate in a linear region, and the left and the right tires at the rear and front axle are placed in an unattached 
tire at the center line of a vehicle. 

 

Figure 23 vehicle reference model (bicycle model) 

The driver tries to control the vehicle’s stability during normal and moderate cornering from the steer-ability point of 
view. The bicycle model gives a relationship between the stability factors and driver performance of the vehicle. Hence, 
the model is designed to generate desired values of the vehicle yaw rate wzd and the sideslip angle βd at each instance 
according to the driver’s steering angle input and the vehicle velocity while considering of a constant forward velocity.  

The following equations represent the differential equations of lateral and yaw motions of the reference model [13]: 
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Where: 

, are the desired vehicle yaw rate and desired vehicle sideslip angle. 

, are the longitudinal and the lateral stiffness of front wheel and rear wheel. 

a, b are the displacement of the cog of the vehicle to both of front and rear axle. 

The simulation result for the vehicle reference model that represents the desired vehicle yaw rate is obtained in figures 
24 and 25. 
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Figure 24 The desired vehicle yaw rate at a step signal of steering angle 

 

Figure 25 The desired vehicle yaw rate on a lane change maneuver 

5. Model of tire dynamic 

A sketch diagram of a modeled tire is illustrated in figure 26. The moment of inertia of the wheel is Iw and the effective 
radius is Rw. The torque applied on each tire t and longitudinal force of the tire Fx is produced at the tire bottom. The 
tire is rotating with angular speed ω and travels at a longitudinal speed vx. The total moments about the rotation axis of 
the tire generates the dynamic equation derived in the following equations: 
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Figure 26 Wheel schematic diagram 

6. Review of existing tire models 

The widely used experiential tire model is called the magic tire formula that can be used to fit empirical tire data for 
describing the relationship between the longitudinal force of the tire and slip ratio, the lateral tire force and the slip 
angle, and the relationship between self-aligning moment and the slip angle. It is derived as follows: 

 

 

 
Where y (x) indicates the output variables: the longitudinal and lateral tire forces, or self- align moment, and x indicates 

slip angle α or slip ratio . The coefficient B is the stiffness factor, C is called shape factor, D is peak factor, and E the 
factor of curvature. Sv and Sh are called the vertical shift and horizontal shift, respectively. 

The curve which crosses through the origin point, x = y = 0 is produced from last equation, and reaches the maximum 
where X = Xxm, as illustrated in figure 3.27 for the given values coefficients, the curve presents an antisymmetric style 
with respect to the origin point, x = y = 0. Figure 27 shows the physical meaning of the coefficients mentioned above.). 
For example, if figure 27 represents the relationship between the slip angle and lateral tire force, then coefficient D 
indicates the higher value with respect to x and y coordinates and the factor BCD represents to the curve slop in the 
origin point, representing the tire cornering stiffness.  

 

Figure 27 Characteristics of the magic formula. [14] 

It is noted that some of the coefficients in the last two equations are a functions of the vertical tire force Fz and/or camber 
angle of tire. Coefficients B, C, D, and C can be derived as functions of the vertical tire force Fz and the road friction 
coefficient µ as follows: 

 
Where a1 and a2 are experiential coefficients. 
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For stiffness of tire cornering (i.e., the slope of the lateral tire force and slip angle curve): 

(  

And for the align stiffness (the slope of the self-aligning moment and the slip angle curve) or the longitudinal stiffness 
(the slope of the longitudinal tire force and the slip ratio): 

 
The stiffness factor b and the curvature factor e are given by: 

 

 
Where a1, a2, · · · , a8 are empirical coefficients. 

Another widely used of tire models is the Dugoff’s tire formula. The Dugoff’s model represents an interesting alternate 
to the elastic foundation of analytical tire model modified by Fiala in 1954 for the generation of lateral tire force and by 
sharp and Pacejka for combined lateral and longitudinal and forces generation. The Dugoff model permits independent 
tire stiffness values in both of the lateral and longitudinal directions. Compared to magic formula, the Dugoff tire model 
has the merit of being an analytical derived formula developed from the calculations of force balance. Furthermore, the 
lateral and longitudinal forces of the tire have a direct relation to the road-tire friction coefficient in more clear 
equations [14]. 

The longitudinal Fx and lateral Fy tire forces are defined as follows: 

 

 

Where C1 and C2 are the longitudinal and cornering tire stiffness,  is the tire longitudinal slip ratio and can be defined 

in last two equations, and is the tire slip angle at each tire. 

In the case of deceleration 

In the case of acceleration 
The slip angle for each tire is derived and calculated depend on the geometry dimensions of the vehicle and the wheel 
speed vectors. If it is possible to determine the velocity at each wheel road contact point then, it can derive the tire slip 
angle easily at each tire geometrically and can be expressed as follows: 
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The variable and the function  are given by 

 
And 

 

Where ( ) is the coefficient of road-tire friction and  represents the vertical tire force for each wheel. 

7. Conclusion 

This paper showed a set of important mathematical models needed by everyone interested in studying the dynamics 
and control of vehicles such as the vehicle planar model, full vehicle model, and the two degrees of freedom vehicle 
model (bicycle model), in addition to clarifying the main parameters when studying the performance of cars such as the 
vehicle longitudinal velocity, the vehicle lateral acceleration, the vehicle sideslip angle, and the vehicle yaw rate. It is 
recommended in future work to present and evaluate the control methods used when studying the performance of 
vehicles and comparing them. 
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